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ABSTRACT 
R e a l i z a t i o n  of two k inds  of network f u n c t i o n s  b y  u s i n g  d i g i - t a l  
e lements  a r e  p r e s e n t e d ;  t h e s e  a re  (1) t r a n s f e r  f u n c t i o n s ,  i nc lud ing  t h e  
d e s i g n  of d i g i t a l  f i l t e r s  and spectrum a n a l y z e r s  where t h e  r e a l  time 
implementat ion i s  made p o s s i b l e  by us ing  h i g h  speed ,  smal l  s i z e ,  i n t e -  
g r a t e d  d i g i t a l  b u i l d i n g  b locks .  Methods of d i g i t a l  i n t e g r a t i o n  a r e  
d i s c u s s e d  whereby a conf igu ra t ion  of t h e  d i g i t a l  i n t e g r a t o r  i s  proposed 
a s  t h e  b a s i c  d i g i t a l  element f o r  r e a l  t i m e  d e v i c e  implementat ion.  
Dr iv ing  p o i n t  impedance and admit tance f u n c t i o n s  a r e  a l s o  r e a l i z a b l e  by 
u s i n g  d i g i t a l  e lements  provided t h a t  a n a l o g - t o - d i g i t a l  and d i g i t a l - t o -  
ana log  c o n v e r t e r s  a r e  a v a i l a b l e ,  I f  bo th  c o n v e r t e r s , c a n  be made a v a i l -  
a b l e  i n  i n t e g r a t e d  c i r c u i t  form, t h e n  any ana log  components, e i t h e r  a 
s i n g l e  element or a combination of s i n g l e  elements,  e x i s t i n g  i n  t h e  
s t a t e  of t h e  a r t  can be r e a l i z e d  on  a c h i p  wi th  d i g i t a l  e lements .  I n  
t h i s  pape r ,  a l l  t h e  syn thes i z ing  works a r e  c a r r i e d  out  by us ing  Laplace 
t r a n s f o r m a t i o n ,  except  i n  t h e  s e c t i o n  where t h e  t i m e  va ry ing  c o e f f i c i e n t s  
t r a n s f e r  f u n c t i o n  is d i scussed .  
( 2 )  
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Chapter I 
INTRODUCTION 
Many r e p o r t s  i n  t h e  area of  des igning  t h e  real t i m e  d i g i t a l  f i l t e r s  
have  r e c e n t l y  been pub l i shed  [ 4 , 5 , 8 1 .  The i r  b a s i c  p r i n c i p l e s  a r e  t h a t  
t h e  ana log  i n p u t  s i g n a l  undergoes t h e  p rocess  of spectrum shaping ,  t hen  
f e e d s  through d i g i t a l  hardware i n  which a gene ra l  purpose computer i s  
u t i l i z e d  t o  perform o p e r a t i o n s  such as d e l a y ,  s t o r a g e ,  a d d i t i o n ,  sub- 
t r a c t i o n ,  and m u l t i p l i c a t i o n  i n  a w a y  t o  s a t i s f y  a set of s p e c i f i e d  d i f -  
f e r e n c e  e q u a t i o n s  between i n p u t  and o u t p u t .  I n  o t h e r  words,  t h e  d i g i t a l  
o u t p u t  of t h e  computer,  a f t e r  a s e t  o f  c a l c u l a t i o n s ,  and t h e  d i g i t a l  
i n p u t  t o  t h e  computer s a t i s f y  a s p e c i f i e d  t r a n s f e r  f u n c t i o n  i n  z- t ransform.  
The t r a n s f e r  f u n c t i o n  i n  z-transform can b e  ob ta ined  by d i r e c t  t ransforma- 
t i o n  from Laplace  t ransform.  From t h e  t r a n s f e r  f u n c t i o n ,  a set of d i f f e r -  
ence  e q u a t i o n s  can be  found and can b e  executed  on t h e  d i g i t a l  computer;  
t h e  d a t a  o u t p u t  of  t h e  computer can b e  c o l l e c t e d  as t h e  f i n a l  o u t p u t ,  then  
t h e  t r a n s f e r  f u n c t i o n  of  a d i g i t a l  f i l t e r  i s  r e a l i z e d .  This  technique  of 
f i l t e r i n g  by implementat ion of d i f f e r e n c e  e q u a t i o n s  i s  sometimes r e f e r r e d  
t o  as ' ' r e c u r s i v e  f i l t e r i n g , "  i f  the p r e s e n t  v a l u e  of  t h e  o u t p u t  depends 
n o t  o n l y  on t h e  p r e s e n t  and p a s t  va lues  of t h e  i n p u t  b u t  a l s o  on t h e  pre-  
v i o u s  v a l u e s  of  t h e  o u t p u t ;  o r  "nonrecursive f i l t e r i n g , "  i f  t h e  p r e s e n t  
v a l u e  of t h e  o u t p u t  does n o t  depend on t h e  p rev ious  v a l u e s  of t h e  ou tpu t  
[ 4 1 .  
This  paper  d i s c u s s e s  two top ic s :  (1)  t r a n s f e r  f u n c t i o n  r e a l i z a t i o n  
and ( 2 )  d r i v i n g  p o i n t  f u n c t i o n  r e a l i z a t i o n  us ing  d i g i t a l  e lements .  The 
former concerns d i g i t a l  f i l t e r  design technique .  The l a t t e r  concerns t h e  
i n d i v i d u a l  component r e a l i z a t i o n  and t h e  complicated network r e a l i z a t i o n .  
The phi losophy and approach d iscussed  are d i f f e r e n t  from those  mentioned 
above. E s s e n t i a l l y  what w e  want i s  t o  c o n s t r u c t  sma l l - s i ze  r e a l  t i m e  
d i g i t a l  f i l t e r s  and o t h e r  r e a l  t i m e  components by u s i n g  d i g i t a l  b u i l d i n g  
b l o c k s  as s u b s t i t u t e s  f o r  ana log  components; t h e s e  were made p o s s i b l e  due 
t o  i n c r e a s i n g  speeds  and decreas ing  c o s t  of m i c r o e l e c t r o n i c  d i g i t a l  c i r -  
c u i t r y .  W e  u se  a d i g i t a l  i n t e g r a t o r  ( a  dev ice  c o n t a i n i n g  d i g i t a l  b u i l d i n g  
SEL - 6 7 - 085 1 
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blocks  such a s  r e g i s t e r s ,  a d d e r s ,  and l o g i c  g a t e s  which perform d i g i t a l  
i n t e g r a t i o n )  a s  t h e  b a s i c  b u i l d i n g  b lock  f o r  t h e  r e a l i z a t i o n  of t h e  t r a n s -  
f e r  and d r i v i n g  p o i n t  f u n c t i o n s .  Therefore ,  t h e  mathematical  models a r e  
d i f f e r e n t i a l  equa t ions  r a t h e r  t h a n  d i f f e r e n c e  e q u a t i o n s .  Though t h e  
Laplace  t ransformat ion  was used t o  s p e c i f y  t h e  t r a n s f e r  and d r i v i n g  p o i n t  
f u n c t i o n s ,  t h e  o u t p u t s  were n o t  p r e c i s e l y  t h e  same a s  t h o s e  o u t p u t s  spec i -  
f i e d  by t h e  t r a n s f o r m a t i o n ,  However, t h e y  a r e  e s s e n t i a l l y  a v e r y  good 
approximation t o  t h e  s p e c i f i e d  f u n c t i o n  and t h e y  a r e  compat ib le  w i t h  t h e  
cont inuous  ( a n a l o g )  t y p e  of network. 
A s  f a r  a s  t h e  d i g i t a l  f i l t e r s  a r e  concerned ,  t h e i r  input  and output  
a r e  not  d i s c r e t e ,  bu t  a r e  p i ecewise ly  cont inuous  increments .  D i g i t a l  
increments  a r e  t h e  o n l y  d a t a  t r a n s f e r r e d  between t h e  d i g i t a l  i n t e g r a t o r s  
i n s i d e  t h e  d i g i t a l  f i l t e r .  By t h i s  means, much s h o r t e r  t i m e  i s  needed a s  
compared t o  t r a n s f e r r i n g  of t h e  f u l l  word. I f  o n l y  an ana log  s i g n a l  i s  
a v a i l a b l e  a t  t h e  i n p u t ,  a d e v i c e  c a l l e d  Analog t o  D i g i t a l  Increment Con- 
v e r t e r  (ADIC) can be  used .  More w i l l  be  s a i d  concern ing  A D I C  i n  Appendix 
D. D i g i t a l  increments  and up  t o  d a t e  quan t i zed  output  a r e  both  a v a i l a b l e  
a t  t h e  output  of t h e  d i g i t a l  f i l t e r s .  The d i g i t a l  f i l t e r s  designed i n  
t h i s  f a s h i o n  d e f i n i t e l y  have an advantage o v e r  t h e  ana log  f i l t e r s  because 
of t h e i r  small  s i z e ,  accuracy ,  s t a b i l i t y ,  and r e a l  t i m e  controllability. 
They a l s o  have a d e f i n i t e  advantage o v e r  t h e  sample-data d i g i t a l  f i l t e r s  
because of t h e i r  s m a l l  s i ze ,  compactness,  f a s t  speed ,  and s h o r t e r  d e l a y  
t i m e .  
For t h e  d r i v i n g  p o i n t  f u n c t i o n s  r e a l i z a t i o n ,  i f  a n a l o g - t o - d i g i t a l  
increment ( A D I C )  and d i g i t a l - t o - a n a l o g  (DAC) c o n v e r t e r s  a r e  a v a i l a b l e ,  
t h e n  a l l  t h e  d r i v i n g  p o i n t  f u n c t i o n s  can  be r e a l i z e d  b y  u s i n g  d i g i t a l  
e lements  only.  I t  i s  a l s o  hoped t h a t  a t  some f u t u r e  t i m e ,  ADIc and DAC 
c a n  both  be i n t e g r a t e d ,  a t  which t i m e  a l l  t h e  d r i v i n g  p o i n t  f u n c t i o n s  can 
be  i n t e g r a t e d  wi thout  d i f f i c u l t y ,  by t h e  method d i scussed  i n  Chapter  V .  
High Q inductors  or h i g h  c a p a c i t y  c a p a c i t o r s  can  t h e n  be  made a v a i l a b l e .  
The method h a s  a d d i t i o n a l  advantages :  (1) t h e  r e a l i z a t i o n  of n e g a t i v e  
e lements  i s  a s  e a s y  a s  p o s i t i v e  e lements ;  ( 2 )  t h e  accuracy  of t h e  component 
v a l u e  c a n  b e  improved by i n c r e a s i n g  t h e  l e n g t h  of t h e  r e g i s t e r s ;  and ( 3 )  
t h e  s i z e  of t h e  network r e a l i z e d  c a n  be made ve ry  s m a l l  and i t  i s ,  i n  f a c t ,  
independent of t h e  f requency ,  provided t h a t  t h e  f requency  i s  not  t o o  h i g h .  
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Chapter I1 
D I G I T A L  INTEGRATOR 
1. P r i n c i p l e s  of D i g i t a l  I n t e g r a t i o n  
D i g i t a l  i n t e g r a t o r s  employ an approximate r e p r e s e n t a t i o n  of t h e  
i n t e g r a l  of a f u n c t i o n  as t h e  sum of t h e  areas of  e lementary r e c t a n g l e s ,  
each of which corresponds t o  a d e f i n i t e  increment  
v a r i a b l e  x. 
Ax of t h e  independent  
Suppose t h a t  w e  are r e q u i r e d  t o  f i n d  t h e  i n t e g r a l  of a given f u n c t i o n  
y = f ( x ) .  
and t h e  a b s c i s s a ,  b u t  t h e  i n t e g r a l  may b e  approximated as t h e  sum of t h e  
areas of t h e  elementary r e c t a n g l e s .  
i s  the c u r r e n t  o r d i n a t e  y and the b a s e  is the  increment Ax of t h e  
independent  v a r i a b l e  x; each increment i s  obta ined  by d i v i d i n g  t h e  e n t i r e  
r ange  of change i n  v a r i a b l e  x i n t o  equa l  increments .  As shown i n  F ig .  1, 
t h e  i n t e g r a l  z i s  found t o  be 
Th i s  i n t e g r a l  r ep resen t s  t h e  area bounded by t h e  curve y = f ( x )  
The h e i g h t  of each of t h e  r e c t a n g l e s  
i = n  i = n  
z =  LX y dx = l i m i t  yiAxi + Ro 1 yi Axi + Ro (2  *I) 
i= 1 
c n - t w  
0 i=l 
where y = f ( x )  
and 
- x  i+l i Axi = x 
i s  t h e  increment  of independent  v a r i a b l e  x .  
I f  w e  make Axi = 1, then  
i = n  
z =  2 y i + R  0 
i=1 
( 2 . 3 )  
where Ro i s  t h e  i n i t i a l  v a l u e  of t h e  i n t e g r a l .  
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Thus t o  compute t h e  i n t e g r a l ,  i t  i s  s u f f i c i e n t  t o  add a l l  t h e  o r d i -  
Consequent ly ,  n a t e s  corresponding t o  each of t h e  e lementary  r e c t a n g l e s .  
t h e  i n t e g r a t i o n  p rocess  reduces  t o  a summation of  t h e  members r e p r e s e n t i n g  
t h e  o r d i n a t e s .  
minus) t h e  o r d i n a t e  increment  Ayi f o r  t h e  i n t e r v a l  Ax = x Hence 
t h e  v a l u e  of o r d i n a t e  
o r d i n a t e  t h e  increment  Ay. For  example, 
Each o r d i n a t e  i s  e q u a l  t o  t h e  preceding  o r d i n a t e  p l u s  ( o r  
i i+l-xi* 
may b e  computed by adding t o  each preceding  Y i  
may be  ob ta ined  Y i  Hence i t  i s  seen  t h a t  t h e  c u r r e n t  v a l u e  of  t h e  o r d i n a t e  
by accumulating a l l  increments  of t h e  o r d i n a t e  up t o  t h e  increment  
(This  i n t e g r a t i o n  method i s  c a l l e d  T r i a n g u l a r  I n t e g r a t i o n . )  
Ayi. 
X 
Fig .  1 BLOCK DIAGRAM OF DIGITAL INTEGRATOR 
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2 .  Opera t ion  of t h e  D i g i t a l  I n t e g r a t o r  
R e f e r r i n g  t o  F ig .  i, assume t h a t  increments  Ax, Ay, and A Z  are 
g iven  i n  t h e  form of  i n d i v i d u a l  p u l s e s .  The r e v e r s i b l e  coun te r  1 counts  
t h e  incoming p u l s e s .  For each i n t e g r a t i o n  s t e p ,  t h e  counter  a c c e p t s  
p u l s e s  from s e v e r a l  i n p u t  channels ,  and t h e  number of p u l s e s  accumulated 
by t h e  coun te r  is  regarded  as an increment of t h e  i n t e g r a n d ,  where t h e  
increment  i s  t h e  sum of s e v e r a l  elementary increments ,  i . e . ,  CAY.  
For each i n t e g r a t i o n  s t e p ,  the number CAY s t o r e d  i n  counter  1 is  
s t o r e d  i n  r e g i s t e r  2 ( y  r e g i s t e r )  by means summed w i t h  t h e  number yo 
of t h e  C1 adder .  A s  a r e s u l t  of a d d i t i o n  (or  s u b t r a c t i o n ) ,  a new o rd i -  
n a t e  y = y +CAY i s  ob ta ined  f o r  each i n t e g r a t i o n  s t e p .  
During each i n t e g r a t i o n  s t e p ,  t h e  number y s t o r e d  i n  r e g i s t e r  2 i s  
0 
added t o  r e g i s t e r  3 (R r e g i s t e r )  wherein t h e  number corresponding t o  t h e  
sum of t h e  o r d i n a t e s  ( i . e . ,  t h e  value of t h e  i n t e g r a l )  i s  s t o r e d .  Summa- 
adder  , c 2  t i o n  of numbers y and R is  achieved by t h e  0 
z = R  + y  
0 
where R i s  t h e  number of t h  i n t e g r a l  i n i t i a l l y  t o r e d  i n  r e g i s t e r  3 .  
Summation i s  performed each t i m e  t h e  i n p u t  Ax of t h e  i n t e g r a t o r  r e c e i v e s  
a p u l s e  r e p r e s e n t i n g  an increment  of t h e  independent  v a r i a b l e  x .  
0 
L e t  y be t h e  c o n t e n t s  of  t h e  y r e g i s t e r  when t h e  i - t h  Ax p u l s e  
i 
occur s .  I f  t h e  R r e g i s t e r  has  s u f f i c i e n t  c a p a c i t y ,  a f t e r  t h e  n- th  Ax 
p u l s e  i t  w i l l  c o n t a i n  t h e  sum 
n 
2 yi Axi 
i=l 
which i s  an approximation of 
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where 
n 
x n = 1 Ax, 
i=l 
However, i f  t h e  R r e g i s t e r  h a s  t h e  same l e n g t h  ( o r  l e s s )  as t h e  y r e g i s t e r  
and r e g i s t e r  4 (termed t h e  Az r e g i s t e r )  is appended t o  t h e  R r e g i s t e r ,  t h e  
A Z  r e g i s t e r  w i l l  b e  used t o  s t o r e  t h e  c a r r i e r s  genera ted  i n  t h e  R r e g i s t e r .  
Hence during summation t h e  R r e g i s t e r  may overf low and w e  have 
is  t h e  number i n  t h e  R r e g i s t e r  a f t e r  t h e  i - t h  Ax p u l s e  has  Ri where 
added yi t o  t h e  R r e g i s t e r .  The re fo re ,  
n n 
i= 1 i= 1 
and t h e  sum o f  t h e  Az, b i n a r y  b i t s  i s  an approximation t o  
n 
i=l 
w i t h  a round-off e r r o r  R -R . There fo re  t h e  d e v i c e  i s  an  approximate 
i n t e g r a t o r .  R e g i s t e r  3 and r e g i s t e r  4 may be  regarded  as two p a r t s  of  a 
s i n g l e  register having  2n b i t s .  R e g i s t e r  3 ho lds  t h e  l ess  s i g n i f i c a n t  
b i t s  o f  i n t e g r a l  z, and r e g i s t e r  4 h o l d s  t h e  most s i g n i f i c a n t  b i t s  l o -  
ca t ed  a t  (n+l)  t o  2n b i t  p o s i t i o n s .  I n  such an arrangement ,  i n t e g r a l  
z h a s  a t  the  most t w i c e  as many b i t s  as t h e  i n t e g r a n d  r e g i s t e r  2 .  
o n  
The process  of accumulat ing t h e  over f low p u l s e s  AZ from t h e  i n t e -  
g r a t o r  o u t p u t  by r e g i s t e r  4 i s  a n  i n t e g r a t i o n  p r o c e s s ,  as a l r e a d y  shown. 
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I n  g e n e r a l ,  t h e  i n t e g r a l  increment  Az i s  
A Z  = k y Ax 
where k i s  a c o n s t a n t  scale f a c t o r .  For b i n a r y  numbers 
1 k = -  
2" 
and n i s  t h e  number of b i t s  of r e g i s t e r  y o r  z ,  where R denotes  t h e  
number i n  r e g i s t e r  3 .  
0 
The c o e f f i c i e n t  k i s  t h e  s c a l e  f a c t o r  of t h e  d i g i t a l  i n t e g r a t o r .  
n It s i g n i f i e s  t h a t ,  f o r  y = 1 and Ax = 1, 2" summations (or 2 s t e p s )  
are r e q u i r e d  t o  o b t a i n  one overflow p u l s e  A Z  a t  t h e  o u t p u t  of regis ter  
3 .  I f  y i s  e q u a l  t o  2 and Ax = 1, then  t h e r e  w i l l  be an overflow 
p u l s e  f o r  each of t h e  i n t e g r a t i o n  s t e p s .  
n 
Conver t ing  from increments  Ax, Ay, and A Z  t o  d e r i v a t i v e s  of 
x ,  y ,  and z i n  t i m e ,  t h e  formula Az = k yAx can be w r i t t e n  as 
f o l l o w s  
- = k y =  dx =k($z dt)  $ dz t  
o r  i n  t h e  form of an i n t e g r a l  
z = k  y d x  J- (2 .  l o )  
3 .  Trapezo ida l  I n t e g r a t i o n  
The e r r o r  i n  r e c t a n g u l a r  i n t e g r a t i o n  ( a s  i n  s e c t i o n  1) can be reduced 
y = f ( x )  by u s i n g  t h e  t r a p e z o i d a l  r u l e  such t h a t  t h e  curve 
val  Ax i s  approximated by a chord. Th i s  r u l e  i s  e q u i v a l e n t  t o  a summation 
of t h e  areas of "mean" r e c t a n g l e s ;  as shown i n  Fig.  2 ,  each r e c t a n g l e  has  
a mean o r d i n a t e  approximated by 
a t  each i n t e r -  
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The increment of t h e  i n t e g r a l  ( t h e  a r e a  o f  an  elementary r e c t a n g l e )  i s  
A Z  = ( y  + T 1 Ay) Ax ( 2 . 1 1 )  
F ig .  2 TRAPEZOIDAL INTEGRATION 
I f  t h e  t r a p e z o i d a l  i n t e g r a t i o n  method i s  employed, t h e  i n t e g r a l  i s  
approximated by 
yn-l 2 + Yn> + ... + 2 + n F(x) dx = n 
x= x 
0 
J xn 
( 2 . 1 2 )  n + Y 1 +  Y2 + ... + Y n - l  n 
- - x O ( y o  yn 
S i m i l a r  accuracy  i n  i n t e g r a t i o n  may b e  ob ta ined  by summing t h e  a r e a s  
o f  r e c t a n g l e s  having  a t  each i n t e r v a l  a mean o r d i n a t e  ( r e f e r  t o  F ig .  3 )  of 
( 2 . 1 3 )  
where y i s  t h e  v a l u e  of t h e  c u r r e n t  o r d i n a t e  and Ay i s  t h e  o r d i n a t e  
increment  f o r  t h e  g iven  i n t e r v a l .  
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The approximate v a l u e  of t h e  i n t e r v a l  w i l l  then  be 
y=f(x) Y 
(2.14) 
F ig .  3 INTEGRATION BY THE "MEAN" RECTANGLE METHOD 
I n t e g r a t i o n  by us ing  Eq. ( 2 . 1 4 ) ,  which approximates t h e  accuracy of 
t h e  t r a p e z o i d a l  formula,  c o n s i s t s  of t h r e e  summing o p e r a t i o n s :  
a. The n e x t  o r d i n a t e  va lue  y* i s  determined by adding t h e  
increment Ay a t  t h e  i n t e g r a t o r  o u t p u t ,  i .e . ,  
* AY2 = Y;, e t c .  (2.15) 
Y 1  
b .  Half of t h e  o r d i n a t e  increment i s  added t o  t h e  i n i t i a l  v a l u e  
of t h e  o r d i n a t e ,  i .e . ,  
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(2 .16)  
c .  The r e s u l t i n g  mean o r d i n a t e  va lues  are summed i n  t h e  accumu- 
l a t o r  ( R  r e g i s t e r ) .  The sum of t h e  mean o r d i n a t e  va lues  i s  
taken a s  t h e  approximate v a l u e  of t h e  i n t e g r a l  
R “N y:l + y i 2  + y i 3  + ... + y9‘ 
mn 
( 2 . 1 7 )  
provided t h a t  Ax = 1. 
Note: t h e  t r a p e z o i d a l  method i s  s i g n i f i c a n t  on ly  where o t h e r  e r r o r s  
(such as round-off e r r o r )  are s u f f i c i e n t l y  s m a l l  [ S i .  
method of  r e p r e s e n t i n g  increments  Ax, Ay, and A Z  i s  necessa ry .  
Hence t h e  t e r n a r y  
The block diagram f o r  i n t e g r a t i o n  by t h e  mean-rectangle  method i s  
shown i n  F ig .  4 .  
7 * 
W = Y - T  Ym DIRECTOR * 
COMPLEMENT 
CODE 
- 
AX+ AX- 
Fig .  4 BLOCK DIAGRAM OF THE INTEGRATION BY THE MEAN-RECTANGLE METHOD 
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4 .  S o l u t i o n  of  D i f f e r e n t i a l  Equat ions by Using D i g i t a l  I n t e g r a t o r s  
F u n c t i m a l l y ,  a dig; LLa '-1 i-'---- 1LL~g;~d to r  is r ep resen ted  by a schemat ic ,  a s  
shown i n  F ig .  5 ,  where arrows i n d i c a t e  t h e  d i r e c t i o n  of d a t a  f low.  The 
i n p u t s  dx and dy are incrementa l  i n p u t s  and dx can be  e i t h e r  an 
i n c r e m e n t a l  t i m e  i n p u t  d t  ( say  clock p u l s e s ) ,  o r  even a f u n c t i o n  of y .  
The o u t p u t  dz observes  t h e  r e l a t i o n s  
dz = y dx 
o r  (2.18) 
z = f y d x  
Sometimes, more than  one d i g i t a l  i n t e g r a t o r  is  used t o  s o l v e  a cer- 
t a i n  problem, i n  which case they  can b e  connected i n  such a way t h a t  t h e  
over f low of  one i n t e g r a t o r  i s  connected t o  t h e  i n p u t  of  t h e  o t h e r  i n t e -  
g r a t o r .  From t i m e  t o  t i m e ,  t h e  s c a l a r  m u l t i p l i c a t i o n  i s  a l s o  r e q u i r e d ;  
i n  t h a t  e v e n t ,  an  i n t e g r a t o r  can a l s o  be  used. The dy i n p u t  t e rmina l  
i s  l e f t  open and t h e  c o n t e n t  of t he  y r e g i s t e r  is  set  t o  a d e s i r e d  con- 
s t a n t  k,  t hen  dz = k dx. I n  o t h e r  words,  t h e  o u t p u t  dz i s  e q u a l  t o  
k t i m e s  t h e  dx i n p u t  ( see  F ig .  6 ) .  
F ig .  5 FUNCTIONAL SCHEMATIC OF A D I G I T A L  INTEGRATOR 
Fig .  6 SCHEMATIC OF A CONSTANT MULTIPLIER 
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A se t  of d i g i t a l  i n t e g r a t o r s  can b e  used t o  s o l v e  an  o rd ina ry  d i f f e r -  
e n t i a l  equa t ion  of any o r d e r  o r  degree ,  l i n e a r  o r  n o n l i n e a r ,  o r  even a 
s imultaneous set of  such  e q u a t i o n s .  Normally, f o r  s o l v i n g  a d i f f e r e n t i a l  
e q u a t i o n ,  two steps--mapping and sca l ing - -a re  invo lved .  Mapping c o n s i s t s  
i n  s p e c i f y i n g  how t h e  o p e r a t i o n a l  u n i t s  ( i n t e g r a t o r s  and adde r s )  should 
be in t e rconnec ted  so t h a t  t h e  v a r i a b l e  o r  v a r i a b l e s  of i n t e r e s t  a r e  gener-  
a t e d  w i t h i n  t h e  system. S ince  a d i g i t a l  i n t e g r a t o r  h a s  a l i m i t e d  c a p a c i t y  
of r e g i s t e r s ,  i t  i s  necessa ry  t o  a s s u r e  t h a t  i n t e r m e d i a t e  r e s u l t s  s t a y  
w i t h i n  t h e  s p e c i f i e d  ranges  du r ing  t h e  running of  a problem, s o  t h a t  t h e  
e s t i m a t e d  maximum va lues  of each of t h e  v a r i a b l e s  can b e  s c a l e d  t o  a 
meaningful  range.  This  i s  ampli tude s c a l i n g .  Sometimes, f requency s c a l i n g  
i s  a l s o  employed t o  e n s u r e  p rope r  o p e r a t i o n .  For  a real  t i m e  d e v i c e ,  t h e  
ampl i tude  and frequency of t h e  i n p u t  have t o  be  s p e c i f i e d  i n  a workable 
range;  t h e r e f o r e  no f requency  s c a l i n g  i s  p e r m i s s i b l e .  But i f  ampl i tude  
s c a l i n g  i s  necessa ry ,  i t  can b e  done e i t h e r  by a d j u s t i n g  t h e  r a t i o  of t h e  
ana log - to -d ig i t a l  c o n v e r t e r ,  o r  t h e  d i g i t a l - t o - a n a l o g  c o n v e r t e r ,  o r  by 
us ing  a m u l t i p l i e r  t o  r e s t o r e  t h e  scale f a c t o r .  
Example 1: Solve t h e  fo l lowing  d i f f e r e n t i a l  equa t ion :  
So lu t ion :  D i f f e r e n t i a t i n g  t h e  g iven  d i f f e r e n t i a l  equa t ion  once,  
w e  g e t  
dy = d? + d ( s i n  y )  
The s o l u t i o n  y can be  ob ta ined  by i n t e r c o n n e c t i n g  t h e  d i g i t a l  
i n t e g r a t o r s ,  as shown i n  F ig .  7 ,  where t h e  independent  v a r i a b l e  inpu t  i s  
d t .  The i n i t i a l  c o n d i t i o n s  of y(O),  j r ( O ) ,  and y ( 0 )  have n o t  been 
taken  i n t o  c o n s i d e r a t i o n .  
c a l l e d  I r e g i s t e r ,  t o  s t o r e  t h e  i n i t i a l  c o n d i t i o n  f o r  each i n t e g r a t o r .  The 
d a t a  t r a n s f e r  from 1 r e g i s t e r  t o  y r e g i s t e r  w i l l  be  done a t  t h e  beginning  
of t h e  ope ra t ion  c y c l e .  I 
They can b e  t r e a t e d  by adding  one e x t r a  r e g i s t e r ,  
S i m i l a r l y ,  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  can be  so lved  wi thou t  
d i f f i c u l t y .  
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- dt 
$dt=dy - -  Y REGISTER 
I; 
I 
siny 
Fig. 7 CONNECTIONS FOR SOLUTION OF y - y - sin y = 0 
Example 2: Solve the following nonlinear differential equation 
Solution: Differentiating the given equation once, we have 
The solution can be obtained by interconnecting digital integrators, as 
those shown in Fig. 8. For simplicity, the multiplication by a constant 
has been shown by a circle, with desired constant indicated. 
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F i g .  8 CONNECTIONS FOR SOLUTION OF y - y y -I- y = 0 
SEL-67-085 14 
Chapter I11 
REALIZATION OF TRANSFER FUNCTIONS BY U S I N G  DIGITAL INTEGRATORS 
The t r a n s f e r  f u n c t i o n  i s  def ined  as t h e  r a t i o  of t h e  Laplace t r a n s -  
form of t h e  ou tpu t  q u a n t i t y  t o  t h e  Laplace t ransform of t h e  i n p u t ,  w i th  
t h e  r e s t r i c t i o n  t h a t  t h e  i n i t i a l  cond i t ions  appear ing  i n  t h e  t ransformed 
d i f f e r e n t i a l  equa t ion  ( o r  equat ions)  are a l l  zero  [ll]. L e t  
where y ( t )  and x ( t )  are output  and i n p u t ,  r e s p e c t i v e l y ,  of a system. 
Suppose w e  have a b l a c k  box wi th  t r a n s f e r  f u n c t i o n  G(s) .  It i s  our  pur- 
pose  t o  r e l a i z e  t h e  b l a c k  box wi th  d i g i t a l  e lements .  
Example 3:  Given a s imple  t r a n s f e r  f u n c t i o n  
where s is  t h e  complex v a r i a b l e .  R e a l i z e  G(s) w i th  only  d i g i t a l  
e lements ,  and show t h e  s t e p s  of  r e a l i z a t i o n  i n  d e t a i l .  
So lu t ion :  F i r s t ,  t ransforming t h e  given f u n c t i o n  back t o  t h e  t i m e  
domain, w e  have 
o r  
The network having t h e  above c h a r a c t e r i s t i c s  can be r e a l i z e d  by i n t e r -  
connec t ing  t h e  d i g i t a l  b u i l d i n g  b locks ,  as shown i n  F ig .  9 .  
For convenience,  t h e  network r e a l i z e d  con ta ins  two r e g i s t e r s  of 
e i g h t  b i t s  each ( s e e  F i g ,  10). The e i g h t  whole number b i t s  have a 
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Fig. 9 REALIZATION OF TRANSFER FUNCTION l/(s f 1) 
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Fig. 10 TRANSFER FUNCTION l/(s + 1) WITH 8-BIT REGISTERS 
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8 c a p a c i t y  of 2 = 256 maximum. The i n p u t  dx can b e  ob ta ined  as t h e  
difference of the two consecu t ive  smp1es of the  input-; I n  o the r  w n r d s ,  
dx can b e  o b t a i n e d  by l e t t i n g  
During t h e  p re sence  of  t h e  d t  pu lse ,  t h e  d u r a t i o n  of  d t  can b e  roughly 
d i v i d e d  i n t o  t h r e e  sub-time i n t e r v a l s ,  T1’ T*’ and T3.  I n  t h e  t i m e  
i n t e r v a l  Tl, t h e  summation of dx and -dy i s  performed,  where -dy 
comes from t h e  f l i p  f l o p  F, which c o n t a i n s  t h e  over f low of t h e  R r e g i s t e r .  
Within T2 ,  t h e  a d d i t i o n  of  (dx-dy) t o  t h e  c o n t e n t s  of t h e  j r  r e g i s t e r  
w i l l  be  p l aced  i n t o  t h e  9 r e g i s t e r .  Meantime, t h e  f l i p  f l o p  F w i l l  be  
reset. Then i n  i n t e r v a l  T3, t h e  c o n t e n t s  of t h e  9 r e g i s t e r  i s  added t o  
t h e  c o n t e n t s  of t h e  R r e g i s t e r  and t h e  r e s u l t  is  p laced  i n  t h e  R r e g i s t e r .  
I f  the R r e g i s t e r  h a s  no overf low,  then  t h e  f l i p  f l o p  F output  i s  z e r o ,  
i . e . ,  dy = 0.  I f  t h e r e  i s  an  overf low,  t h e  ou tpu t  of F i s  one. I n  
o t h e r  words,  dy = 1 o r  dy = -1. The cho ice  depends on t h e  s i g n  of t h e  
R r e g i s t e r .  
For t h e  case, of Example 3, dy = -1 i f  R i  -256 and dy = 1 i f  
R - > 256. 
The s t r u c t u r e  of  t h e  d i g i t a l  i n t e g r a t o r  can b e  connected e i t h e r  i n  
ser ia l  o r  i n  p a r a l l e l  f a s h i o n .  
ser ia l  d i g i t a l  i n t e g r a t o r  b u t  t h e  o p e r a t i o n  speed i s  much s lower .  
The s t r u c t u r e  i s  much s imple r  f o r  t h e  
The s i m u l a t i o n  of t h e  g iven  problem h a s  been done on t h e  d i g i t a l  
computer. The computer program of t h e  s i n u s o i d a l  r e sponse  and u n i t  s t e p  
r e sponse  of t h e  network are shown i n  Appendices B and C .  
c a l c u l a t i o n s  are t a b u l a t e d  i n  Tables 1 and 2 ,  and t h e  g r a p h i c a l  responses  
are shown i n  F i g s .  11 and 1 2 ,  where t h e  method of t r i a n g u l a r  i n t e g r a t i o n  
w i t h  t h e  t e r n a r y  code i s  assumed. 
The step-by--step 
On t h e  b a s i s  of t h e  r e s u l t s  of t h e  u n i t  s t e p  r e sponse  and s i n u s o i d a l  
r e sponse ,  a comparison of  t h e  d i g i t a l  r e a l i z a t i o n  and t h e  ana log  r e a l i z a -  
t i o n  can b e  made. From t h e  l a s t  two columns of Tables  1 and 2 ,  i t  i s  seen  
t h a t  t h e  c o n t e n t s  of YREG ( d i g i t a l )  are a good approximation t o  t h e  real  
s o l u t i o n  ( ana log ) .  Note t h a t  t h e  f i g u r e s  t a b u l a t e d  have been s c a l e d  256 
t i m e s .  A t  most t hey  d i f f e r  by one p e r  256 f o r  r e g i s t e r s  of 8 -b i t  l e n g t h .  
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Table  1 
SINUSOIDAL RESPONSE OF 
G(s) = l/(s + 1) RESULTS BY D I G I T A L  ELEMENT REALIZATION 
Inpu t :  x ( t )  = 255 s i n  t 
L e t  t = T/256, x .  ( t )  = 255 s in(T/256 i ) ,  dx = x .  ( t )  - XREG 
1 1 i-1 
XREG. = XREGi-l + dx YREGi = YREGi-l + dY 
1 
dY = dx - dY R R E G ~  = R R E G ~ - ~  + YREG 
dY = 1 whi l e  RREG h a s  overf low,  o the rwise  dY = 0 
YREGi = YREGi - l+dY 
Assume t h a t  a l l  r e g i s t e r s  have 8 -b i t  l e n g t h ,  and t h a t  t h e  method of  
t r i a n g u l a r  i n t e g r a t i o n  w i t h  t r i n a r y  code i s  used.  
T 
0 
1 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12  
13 
1 4  
1 5  
1 6  
1 7  
18 
1 9  
20 
2 1  
22 
23 
24 
25 
26 
27 
28 
3 
& 
XREG 
0 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13 
1 4  
15 
16 
1 7  
18 
1 9  
20 
2 1  
22 
23 
24 
25 
26 
27  
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YREG 
0 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13  
14 
1 5  
16 
17  
18 
19 
20 
21  
22 
23 
23 
24 
25 
26 
RREG 
0 
0 
1 
3 
6 
10 
1 5  
2 1  
28  
36 
45 
55 
66 
78 
9 1  
105 
120 
136 
153  
1 7 1  
190 
210 
231 
253 
20 
43  
6 1  
92 
118 
dY 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
18 
YREG 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
Real S o l u t i o n  y ( t )  
0 
0.0019 
0.0077 
0.0175 
0.0310 
0.0485 
0.0697 
0.0948 
0.1236 
0.1563 
0.1927 
0.2329 
0.2768 
0.3244 
0.3758 
0.4308 
0.4895 
0.5519 
0.6179 
0.6876 
0.7609 
0.8377 
0.9182 
1.0022 
1.0898 
1.1809 
1.2756 
1.3737 
1.4754 
Table 1 (cont inued)  
T 
32 
33 
4 1  
64 
96 
128 
160 
192 
224 
256 
288 
320 
352 
384 
416 
448 
480 
512 
5 76 
640 
704 
768 
800 
832 
89 6 
960 
992 
1000 
1024 
1152 
1280 
1408 
XREG 
3 1  
32 
40 
63 
93  
122 
149 
173 
19  5 
214 
2 30 
241 
250 
254 
2 54 
251 
244 
2 32 
199 
153  
98 
36 
5 
-27 
- 89 
-145 
-170 
-176 
YREG 
30 
3 1  
38 
56 
78  
96 
110 
120 
126 
129 
129 
124 
118 
108 
95 
81 
65 
46 
6 
-37 
-7 8 
-116 
-131 
-146 
-168 
-181 
-183 
-183 
RREG 
232 
7 
27 
95 
209 
192 
175 
33 
153 
159 
203 
1 7 1  
216 
244 
157 
178 
2 10 
188 
7 1  
-172 
-292 
-115 
-222 
-59 
-194 
-163 
-104 
-33 
dY 
0 
1 
1 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
1 
0 
1 
1 
1 
YREG 
1 
2 
3 
7 
15 
26 
39 
54 
69 
85 
101  
117 
132 
146 
159 
170 
179 
186 
193 
190 
176 
151 
136 
118 
79 
35 
12  
7 
-11 
-97 
-158 
-180 
Real S o l u t i o n  y ( t )  
1.9166 
2.0355 
3.1079 
7.3334 
15.7509 
26.6718 
39.6026 
54.0565 
69.5563 
85.6381 
101.8551 
117.7813 
133.0156 
147.1856 
159.9513 
171.0087 
180.0927 
186.9797 
193.4906 
189.6576 
175.3460 
151.1551 
135.7300 
118.3627 
78.8314 
34.8820 
12.0636 
6.3290 
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T a b l e  2 
UNIT STEP RESPONSE OF G ( s )  = l / ( s  + 1) RESULTS 
BY DIGITAL ELEMENTS REALIZATION 
T XREG $REG RREG dY YREG R e a l  Solution y ( t )  
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13 
1 4  
15 
1 6  
1 7  
18 
1 9  
20 
2 1  
22 
23 
24 
25 
26 
27 
28  
29 
30 
31 
32 
33 
64 
96 
128  
160 
192 
224 
256 
288 
320 
352 
384 
0 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
255 
2 55 
255 
255 
255 
255 
2 55 
255 
255 
255 
255 
255 
255 
255 
2 55 
2 55 
255 
255 
255 
255 
255 
255 
255 
255 
2 55 
255 
255 
0 
255 
255 
254 
253 
252 
251 
250 
249 
248 
24 7 
246 
245 
244 
243 
242 
241 
240 
2 39 
238 
237 
236 
235 
2 34 
233 
233 
232 
2 31 
2 30 
229 
228 
227 
226 
225 
0 0 
255 0 
253 1 
251 1 
248 1 
244 1 
2 39 1 
233 1 
226 1 
218 1 
209 - 1 
199 1 
188 1 
176 1 
1 6 3  1 
149 1 
134 1 
118 1 
1 0 1  1 
83 1 
64 1 
44 1 
23  1 
1 1 
2 34 0 
211 1 
187 1 
162 1 
136 1 
109 1 
81 1 
52 1 
22 1 
24 7 0 
0 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13  
1 4  
15 
1 6  
1 7  
18 
1 9  
20 
2 1  
22 
22 
23  
24 
25 
26 
27 
28  
29 
30 
30 
56 
80 
100 
11 8 
134 
149 
1 6 1  
172 
182 
1 9 1  
198 
0 
0.9980 
1.9922 
2.9824 
3.9689 
4.9514 
5.9302 
6.9051 
7.8762 
8.8436 
9.8072 
10.7670 
11.7230 
12.6754 
13.6240 
14.5690 
15.5102 
16.4478 
17.3817 
18.3120 
19.2387 
20.1617 
21.0811 
21.9970 
22.9093 
23.8180 
24.7232 
25.6249 
26.5230 
27.4177 
28.3088 
29.1965 
30.0807 
30.9615 
56.6269 
80.0539 
100.7281 
118.9730 
135.0741 
149.2833 
161.8228 
172.8889 
182.6547 
191.2730 
198.8786 
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Table 2 (continued) 
T XREG +REG 
416 255 
448 255 
4 80 255 
512 255 
576 255 
640 255 
704 255 
76 8 255 
800 2 55 
832 255 
896 255 
960 255 
992 255 
200 
100 
0 
RREG dY YREG 
205 
211  
216 
221 
228 
2 34 
239 
242 
244 
245 
24 7 
249 
250 
R e a l  S o l u t i o n  y ( t )  
205.5906 
211.5138 
216.7411 
221.3541 
229.0177 
234.9862 
239.6344 
243.2545 
244.7521 
246.0738 
248.2694 
249.9794 
250.6868 
T 
24 1280 
Fig .  11 SINUSOIDAL RESPONSE OF G ( s )  = l / ( s  + 1) 
WITH INPUT x ( t )  = 255 s i n  ( T / 2 5 6 )  
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L 
Fig .  12 STEP RESPONSE OF G ( s )  = l / ( s  + 1) 
WITH INPUT x ( t )  = 255 
I f  r e g i s t e r s  w i t h  more than  8 b i t s  are used,  t h e  accuracy  w i l l  b e  propor- 
t i o n a l l y  i n c r e a s e d .  
The c l o s e n e s s  o f  t h e  two s o l u t i o n s - - d i g i t a l  and analog-- is  shown i n  
F ig .  13; i f  t r a p e z o i d a l  i n t e g r a t i o n  i s  employed i n  t h e  des ign  i n t e g r a t o r s ,  
t h e  accu racy  of  t h e  d i g i t a l  s o l u t i o n  w i l l  be  f u r t h e r  improved. 
It is  noteworthy t h a t  even i f  t h e  i n p u t  is  n o t  s t a r t e d  from ze ro  a t  
t = 0 
v a l i d .  
as w a s  assumed i n  Tables  1 and 2 ,  t h e  d i g i t a l  r e a l i z a t i o n  i s  s t i l l  
For  b e t t e r  approximation,  more register b i t s  can b e  used.  I n  t h e  
p re sence  of t h e  f r a c t i o n a l  numbers, as w e l l  as t h e  whole numbers, a few 
f r a c t i o n a l  number b i t s  can b e  a t t a c h e d  t o  t h e  end of  t h e  whole numbers 
and a f i x e d  decimal  p o i n t  a s s igned .  
of 
a d d i t i o n  t o  t h e  whole number b i t s ,  s i n c e  2 = 1/1024 10 . 
For example, t o  ma in ta in  a n  accuracy  
t e n  b i t s  cor responding  t o  t h e  f r a c t i o n a l  number w i l l  be  used i n  
-10 - 3  
The above s imple  example i s  used t o  i l l u s t r a t e  how t h e  given t r a n s -  
f e r  f u n c t i o n  can be  r e a l i z e d .  A s  f o r  the r e a l i z a t i o n  of a complicated 
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T=256t 
Fig. 13 COMPARISON OF THE TWO RESPONSES 
OF ANALOG AND DIGITAL REALIZATION 
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t r a n s f e r  f u n c t i o n ,  w e  could use more d i g i t a l  i n t e g r a t o r s .  
t r a n s f e r  f u n c t i o n  h a s  t h e  form 
I n  g e n e r a l ,  a 
n n- 1 
Y ( s )  
m- 1 X(S> 
bns + bn - + ... + b l s  + bo 
= -  G ( s )  = 
+ ... + a  s + a s + am-1' 1 0 
(3.2) 
where m > n. - 
n A f t e r  d i v i d i n g  by s , G ( s )  h a s  t h e  fo l lowing  e x p r e s s i o n  
bn + bn-ls -1 + ... + b l s  1 -n + bos-n 
- (3 .3)  Y ( S >  X(s) sm-n G ( s )  = - m- 1-n 1-n + ... i- als + + am-1' 
The r e a l i z a t i o n  of t h i s  g e n e r a l  t r a n s f e r  f u n c t i o n  i s  q u i t e  t e d i o u s  
b u t  s t r a i g h t f o r w a r d ;  t h e  r e a l i z a t i o n  of a s p e c i f i c  c a s e ,  m = 5 ,  n = 3 
i s  shown as fo l lows :  
Example 4: R e a l i z e  t h e  fo l lowing  t r a n s f e r  f u n c t i o n :  
-1 -2 -3 b 3  + b2s + b l s  + bos 
Y . ( s )  
-1 -2 -3 G1(s) = -= 
'('1 s + a s + a t a 2 s  + a s  + a s  4 3 1 0 
o r  
2 
s Y ( s )  = -a4sY(s) + [b3X(s) - a3Y(s)] + [b2X(s) - a,Y(s)]s-l 
S o l u t i o n :  In t h e  t i m e  domain, w e  have 
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o r  
The r e a l i z e d  network i s  shown i n  F ig .  14.  
Another noteworthy s u b j e c t  i s  t h a t  t h o s e  t r a n s f e r  f u n c t i o n s  t o  be  
r e a l i z e d  need n o t  have p o s i t i v e  c o e f f i c i e n t s ,  s i n c e  w e  are d e a l i n g  wi th  
numbers i n t e r n a l l y  w h i l e  w e  are r e a l i z i n g  t h e  t r a n s f e r  f u n c t i o n s .  No 
extra e f f o r t s  are r e q u i r e d  t o  change t h e  a d d i t i o n  o p e r a t i o n  t o  s u b t r a c t i o n ;  
t h e r e f o r e ,  t r a n s f e r  f u n c t i o n s  w i t h  n e g a t i v e  c o e f f i c i e n t s ,  i . e . ,  e i t h e r  
nega t ive  t r a n s f e r  f u n c t i o n s  o r  t r a n s f e r  f u n c t i o n s  wi th  t r ansmiss ion  ze ros  
a t  t h e  r igh t -ha l f  complex frequency p l a n e ,  can be  r e a l i z e d  as e a s i l y  as 
those  i l l u s t r a t e d .  
The fo l lowing  examples w i l l  h e l p  i n  unders tanding  t h e  s u b j e c t .  
Example 5: R e a l i z e  t h e  fo l lowing  t r a n s f e r  f u n c t i o n s :  
Y ( S >  s - 1  
x ( s )  b .  G , ( s )  = -= s 2  + s + 1 J 
Solu t ions  : 
a.  S tep  1 
S tep  2 
Step  3 
Transform G (s) back t o  t i m e  domain 2 
Take t h e  d e r i v a t i v e  of t h e  above e x p r e s s i o n  
A f t e r  mapping t h e  s o l u t i o n ,  t h e  r e a l i z e d  network of  
G 2 ( s )  i s  as shown i n  F i g .  15. 
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F i g .  14 REALIZATION OF TRANSFER FUNCTION 
+ b2s  - 1  + bls -2  + b s- ’kGj2+ a s + a + a2s -1 + a s -2 + a s - ~ )  
0 4 3 1 0 
SEL-67-085 26 
OUTPUT , y(t1 
___1 dx INPUT 
Fig .  15 REAWZATION OF G 2 ( s )  = -1/(s f 1) 
Transform G ( s )  back to  t h e  time domain wi th  s 
d i v i d e d  through. 
3 
b .  S t e p  1 
Y ( t >  + y ( t )  + y ( t )  d t  = x ( t )  x ( t )  d t  J -J 
Step  2 Take t h e  d e r i v a t i v e  of  t h e  above expres s ion  
S tep  3 A f t e r  mapping t h e  s o l u t i o n ,  t h e  r e a l i z e d  network is  
as shown i n  F ig .  16. 
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OUTPUT 
y(t) 
odx INPUT 1 
2 F i g .  16 REALIZATION OF G 3 ( s )  = (s + l ) / ( s  + s + 1) 
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Chapter I V  
DIGITAL FILTER DESIGN TECHNIQUE 
1. D i g i t a l  F i l t e r s  
Genera l ly  speaking ,  t h e  term d i g i t a l  f i l t e r  r e f e r s  t o  t h e  computa- 
t i o n a l  p rocess  o r  a l g o r i t h m  by which a sampled s i g n a l  o r  sequence of 
numbers ( a c t i n g  as an i n p u t )  i s  transformed i n t o  a second sequence of 
numbers termed t h e  o u t p u t  s i g n a l .  So f a r ,  t h e  real  t i m e  d i g i t a l  f i l t e r s  
designed a r e  u t i l i z i n g  d i g i t a l  computers t o  execu te  t h e  d i f f e r e n c e  equa- 
t i o n  of which t h e  d e s i r e d  t r a n s f e r  f u n c t i o n s  of d i g i t a l  f i l t e r s  i n  z- 
t ransform are s a t i s f i e d  [4,5,81. 
The d i g i t a l  f i l t e r s  w e  are propos ing  h e r e  are somewhat d i f f e r e n t  
from t h e  p r e s c r i b e d  d e f i n i t i o n  and have d i f f e r e n t  s t r u c t u r e s .  
t hey  are composed of s m a l l  s i z e  d i g i t a l  b u i l d i n g  b l o c k s ,  such as r e g i s t e r s ,  
l o g i c  gates, and a d d e r s ,  and they d e a l  w i th  quan t i zed  s i g n a l s  r a t h e r  t h a n  
w i t h  d i s c r e t e  s i g n a l s .  T h e i r  f u n c t i o n s  are analogous t o  t h e  cont inuous  
(analog) f i l t e r s ,  and they are a c t u a l l y  very  good approximations t o  ana log  
f i l t e r s .  
n i t e  advantages o v e r  t h e  ana log  f i l t e r s  and sample-data d i g i t a l  f i l t e r s  
because of t h e i r  small s i z e ,  accuracy ,  s t a b i l i t y ,  and real t i m e  c o n t r o l -  
a b i l i t y .  
P h y s i c a l l y ,  
The d i g i t a l  f i l t e r s  des igned  i n  t h e  proposed f a s h i o n  have d e f i -  
2. D i g i t a l  F i l t e r  Design Techniques and Implementation 
The des ign  procedures  f o r  cont inuous  f i l t e r s ,  such as But te rwor th  
and Chebyshev f i l t e r s ,  are t r e a t e d  i n  s t a n d a r d  t e x t s  [ 3,9,10]. 
d i scussed  b r i e f l y  i n  Appendix A .  
They are 
The technique  of des ign ing  a d i g i t a l  f i l t e r  by u s i n g  d i g i t a l  i n t e -  
g r a t o r s  i s  f a i r l y  s t r a i g h t f o r w a r d .  
of f i l t e r  f i t s  h i s  needs ,  he  fo l lows  t h e  o u t l i n e s  l i s t e d  i n  Appendix A 
u n t i l  h e  g e t s  t h e  d e s i r e d  t r a n s f e r  f u n c t i o n .  H e  t hen  t r ans fo rms  t h e  t r a n s -  
f e r  func t ion  back t o  t i m e  domain whereby a l i n e a r  d i f f e r e n t i a l  e q u a t i o n  can 
be formed. 
diagram o f  i n t e r c o n n e c t e d  d i g i t a l  i n t e g r a t o r s .  
d i g i t a l  f i l t e r  i s  completed. 
A f t e r  t h e  d e s i g n e r  dec ides  which type 
H e  fo l lows  t h e  procedures  l i s t e d  i n  s e c t i o n  I11 and o b t a i n s  a 
Thus t h e  des ign  of t h e  
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Two methods of r e a l i z a t i o n  a r e  shown he re .  
Method 1 
Suppose a d e s i r e d  t r a n s f e r  func t ion  of  a d i g i t a l  f i l t e r  h a s  been 
found; f o r  example, 
Y ( s )  
2 x (s>  = -  
k 
G ( s )  = 
s3 + f s  + g s  + h 
Then a f t e r  c ros s -mul t ip ly ing ,  w e  o b t a i n  
3 
( s  + f s 2  + g s  + h )  Y ( s )  = k X ( s )  
Transforming back t o  t i m e  domain, w e  get  
* f ( t )  + f y ( t )  + g ? ( t )  + h y ( t )  = k x ( t )  
(4 .1)  
(4.2) 
(4.3) 
D i f f e r e n t i a t i n g  once and r e a r r a n g i n g ,  w e  have  
The s t r u c t u r e  can be formed i n  series; t h a t  i s ,  t h e  o u t p u t  of one i n t e -  
g r a t o r  f e e d s  i n t o  t h e  i n p u t  of ano the r  i n t e g r a t o r ,  as shown i n  Fig.  1 7 .  
Method 2 
A d i f f e r e n t  method can be used t o  d e a l  wi th  t h e  des ign  of a d i g i t a l  
f i l t e r ,  b u t  t h e  same t r a n s f e r  f u n c t i o n  as used i n  Method 1, i .e . ,  
can b e  expanded i n t o  p a r t i a l  f r a c t i o n  form 
rs + q 
s 2 + b s + c  
--  l +  k 
( s  + a) (s2 + b s  + c) 
G ( s )  = 
SEL-67-085 
= G ( s )  + a 
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(4.5) 
where 
( 4 . 7 )  
i n  t h e  t ime domain 
d91 = Xdx - a dyl 
and 
$ 2 ( t )  + bY2(t)  + c y 2 ( t )  d t  = r x ( t )  + q J 
Then d i f f e r e n t i a t i n g  once,  w e  g e t  
d$2 = -b dy2 + 1: dx + (qx d t  - cy2 d t )  ( 4  9) 
The o v e r a l l  ou tpu t  
can be i l l u s t r a t e d , a s  i n  F ig .  18. 
y ( t )  = y l ( t ) + y 2 ( t )  can be found and i t s  s t r u c t u r e  
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- - - @= dx 
INPUT I st INTEGRATOR - z =  
I 
Y 
y>&! J 
2 nd INTEGRATOR 
- 
Fig. 17 SERIAL CONNECTION OF THE TRANSFER FUNCTION 
+ gs + h)  2 G(s) = k / ( s 3  + fs  
Fig. 18 PARALLEL REALIZATION OF G ( s )  = k / ( s 3  + f s 2  + gs + h )  
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Note :  A r a t i o n a l  polynomial of n-th o r d e r  can always b e  f a c t o r i z e d  
i n t o  a product  of  f a c t o r s  of t h e  f i r s t  and second o r d e r  r a t i o n a l  poly- 
nomials.  The re fo re ,  t h e  t r a n s f e r  f u n c t i o n  of any o r d e r  can b e  r e a l i z e d  
by Method 2 i n  a p a r a l l e l  f a sh ion .  
Comparison of Methods 1 and 2 
It h a s  been po in ted  o u t  i n  Method 1 t h a t  t h e  i n t e r c o n n e c t i o n  of d i g i -  
t a l  i n t e g r a t o r s  i s  done i n  s e r i a l  f a sh ion .  
p u l s e s  of t i m e  ( d t )  on ly  t h e  f i r s t  i n t e g r a t o r  s tarts t o  update  i t s  con- 
t e n t .  But b e f o r e  any over f low of t h e  f i r s t  i n t e g r a t o r  o c c u r s ,  t h e  second 
and t h i r d  i n t e g r a t o r s  remain unchanged. 
i n t e g r a t o r  w i l l  n o t  be  modif ied by t h e  o u t p u t s  of t h e  second and t h i r d  
i n t e g r a t o r s  u n t i l  some l a t e r  t i m e .  
t a l  f i l t e r s  have d i f f e r e n t  o r d e r s  of numerators  and denominators ,  t h e  
i n t e r c o n n e c t i o n  w i l l  be  d i f f e r e n t  from case t o  case. Unless  each d i g i t a l  
i n t e g r a t o r  can b e  i n t e g r a t e d  on a s i n g l e  c h i p ,  t h e r e  w i l l  b e  too  many d i f -  
f e r e n t  u n i t s  t o  b e  handled.  
During t h e  f i r s t  few c lock  
There fo re ,  t h e  i n p u t  of t h e  f i r s t  
S ince  t h e  t r a n s f e r  f u n c t i o n s  of d i g i -  
As f o r  Method 2 ,  t h e  advantages are t h r e e f o l d :  they  are accuracy ,  
s i m p l i c i t y ,  and economy. S ince  t h e  i n t e r c o n n e c t i o n  of t h e  i n t e g r a t o r s  
i s  i n  p a r a l l e l ,  t h e  i n t e g r a t o r s  are updat ing  t h e i r  c o n t e n t s  a t  t h e  same 
t i m e ,  i t  r e s u l t s  i n  somewhat b e t t e r  accuracy.  The c o n f i g u r a t i o n  of 
d i g i t a l  f i l t e r s  of any o r d e r  can b e  broken down t o  a combinat ion of f i r s t  
and second o r d e r  c o n f i g u r a t i o n s .  The re fo re ,  t h e  s imple  s t a n d a r d  conf ig-  
u r a t i o n s  of  f i r s t  and second o r d e r  f u n c t i o n s  can be mass produced i n  
i n t e g r a t e d  c i r c u i t  module and can be f o r  a l l  t r a n s f e r  f u n c t i o n s .  
Proposed Standard  Conf igu ra t ion  
Since any h igh  o r d e r  r a t i o n a l  polynomials  can b e  f a c t o r i z e d  i n t o  
products  of  lower o r d e r  polynomials ,  i t  i s  convenient  t o  propose a s t a n -  
dard  c o n f i g u r a t i o n  f o r  a t r a n s f e r  f u n c t i o n  whose o r d e r  
o r  equal  t o  t h r e e .  However, i f  n should  b e  g r e a t e r  t han  t h r e e  t h e  n e t -  
work can b e  a combinat ion of more packages of  
n i s  less  than  
n 3 .  
I n  g e n e r a l ,  a t h i r d  o r d e r  t r a n s f e r  f u n c t i o n  can be  w r i t t e n  as 
es + c G 3 ( s )  = f + - k +  
s + h  s 2 + a s + b  
33 
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The proposed s t a n d a r d  c o n f i g u r a t i o n  of  G ( s )  i s  shown 
is  seen  from t h e  f i g u r e  t h a t  the fol lowing cases can b e  
1. I f  l i n e  2 and 3 are l e f t  open, then  E q .  (4.10) 
3 i n  F ig .  1 9 .  I t  
ob ta i i ied . 
be  comes 
k 
G 3 ( s )  = s+h 
2 .  I f  l i n e  2 i s  l e f t  open, t hen  
k 
G ( s ) = f t - - -  
3 s + h  
3 .  I f  l i n e  1 and l i n e  3 are l e f t  open, then 
es + c 
s2 + a s  + b 
G ( s )  = 3 
4. I f  l i n e  1 i s  l e f t  open, t hen  
e s  + c 
s2  + as + b 
G ( s )  = f + 3 
5 .  I f  l i n e  3 i s  l e f t  open, then  
es + c 
s2 + as + b 
G 3 ( s )  =s+h k +  
T h e r e f o r e ,  t h e  c o n f i g u r a t i o n  shown r e a l l y  works f o r  n - < 3 .  To i n c r e a s e  
t h e  f l e x i b i l i t y ,  t h e  r e a l  c o n s t a n t s  a ,  b ,  c ,  d ,  e ,  f ,  h ,  and k 
( s e e  c o n s t a n t  m u l t i p l i e r ,  F ig .  6 )  can  b e  se t  from o u t s i d e ,  so  t h a t  one 
may choose whatever  c o n s t a n t s  he  wishes.  This  can be done e i t h e r  by set-  
t i n g  t h e  c o n s t a n t s  s e r i a l l y  from t h e  ou t s ide  b e f o r e  t h e  beginning  of  t h e  
o p e r a t i n g  c y c l e ,  which w i l l  remain cons tan t  t h e r e a f t e r ;  on t h e  o t h e r  hand, 
i f  each r e g i s t e r  of t h e  c o n s t a n t s  can b e  accessed  from o u t s i d e  they can be 
se t  e a s i l y  t o  t h e  d e s i r e d  c o n s t a n t .  I f  any one o r  more of  t h e s e  c o n s t a n t s  
are n e g a t i v e ,  i t  i s  very  easy  t o  change t h e  leads around. 
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0 
- OUTPUT 
LINE I 
YI  
+Y=Y,+Y*+fx 
d Y z  
LINE 2 
LINE 4 LINE ? 
- - - -  dx- 
INFVT 
Fig. 19  PROPOSED CONFIGURATION FOR A TRANSFER FUNCTION OF ORDER 
5 3  G3(s) = f + k / ( s  + h )  + ( e s  + c ) / ( s 2  + as + b )  
I n  c a s e  of  necessa ry ,  i t  i s  a l s o  p o s s i b l e  t o  d i v i d e  t h e  s t a n d a r d  
c o n f i g u r a t i o n  i n t o  a few s e c t i o n s  such  t h a t  t h e  packaging could be  made 
easier.  
It i s  seen  from F ig .  19 t h a t  i f  t h e  c o n f i g u r a t i o n  shown can b e  i n t e -  
g r a t e d  on one ch ip ,  t h e r e  w i l l  be  some unused p a r t s  i f  t h e  t r a n s f e r  func- 
t i o n  i s  of  t h e  o r d e r  of  two o r  one.  But n o t  much s i m p l i f i c a t i o n  between 
c o n f i g u r a t i o n s  of t h e  3rd  and 2nd o r d e r  t r a n s f e r  f u n c t i o n s  was observed.  
Another scheme i s  a l s o  p o s s i b l e ;  t h a t  i s ,  break  l i n e  1 and l i n e  4 ,  such 
t h a t  t he  t r a n s f e r  f u n c t i o n  of o r d e r  t h r e e  i s  a combinat ion of 1st and 2nd 
o r d e r  t r a n s f e r  f u n c t i o n s ,  whereby each  one of them can be  independent ly  
opera ted .  
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The fo l lowing  examples are used t o  i l l u s t r a t e  t h e  des ign  and i m p l e -  
men ta t ion  of d i g i t a l  f i l ters us ing  both methods 1 and 2 .  
Example 6: Design a low pass  f i l t e r ,  u s ing  t h e  But te rwor th  t r a n s f e r  
f u n c t i o n  
t o  have a magnitude c h a r a c t e r i s t i c  such t h a t  a t  a frequency t h r e e  t i m e s  
t h e  c u t o f f  f requency ,  t h e  magnitude i s  a t  least 25 dB down from i t s  va lue  
a t  ze ro  frequency.  
So lu t ion :  F i r s t ,  l e t  us f i n d  the  r e q u i r e d  v a l u e  of n: 
o r  n z - =  2 * 5  2.62 0.954 9" 2 316 
Thus t h e  r e q u i r e d  v a l u e  i s  t h e  nex t  l a r g e r  i n t e g e r  n = 3. 
F o r  n = 3,  t h e  t h i r d  o r d e r  But terworth polynomial i s  
3 B3(s) = s + 2s2 + 2s + 1 
hence t h e  t r a n s f e r  f u n c t i o n  G(s) can be  ob ta ined  as 
Now w e  t r y  both  methods of r e a l i z a t i o n .  
Method 1 
Transforming G(s) back t o  t h e  t i m e  domain, w e  have 
yYt> + 2j; ( t )  + 2 3 t )  + y ( t )  = x ( t >  
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or  
The connec t ion  of t h e  s o l u t i o n  and t h e  r e a l i z e d  network diagram is  
shown i n  Figs. 20 and 21, r e s p e c t i v e l y .  The s i n u s o i d a l  r e sponse  and t h e  
s t e p  response of t h e  network r e a l i z e d  are p l o t t e d  i n  Figs. 22 and 23. 
F ig .  20 SOLUTION MAPPING OF METHOD 1 
Method 2 
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0-@ INPUT 
x REGISTER @ 
y REGISTER 
~~ 
R, REGISTER 
, d y  m q  y REGISTER 
R REGISTER i. 
F i g .  21  REALIZED NETWORK OF 
2 
~ ( s )  = l / ( s 3  + 2s + 2s  + 1)  BY METHOD 1 
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T 
3 2 Fig. 22 SINUSOIDAL RESPONSE OF G(s) = l / ( s  + 2s + 2s + 1) 
WITH INPUT x ( t )  = sin ( T / 2 5 6 )  
300 t 
T 
2 F i g .  23 STEP RESPONSE OF G ( s )  = l / ( s3  + 2s + 2s + 1) 
WITH INPUT x ( t )  = 2 5 5  
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I n  t h e  t i m e  domain, w e  have 
and 
The ou tpu t  s i g n a l  y( t )  equa l s  y ( t )  = y ( t ) - y , ( t )  
The d i g i t a l  f i l t e r  designed by Method 2 is shown i n  F ig .  2 4 .  
1 
3 
dr 
ONPUT 
OUTPUT LL2-d 
Fig .  24 REALIZATION OF G ( s )  = l / ( s  + 1) - s / ( s 2  + s + 1)  
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Example 7: Design a l o w  p a s s  f i l t e r  u t i l i z i n g  t h e  Chebyshev 
cha r  a c t  e r i s  t i c  
s o  t h a t  
1. The peak-to-peak r i p p l e  i n  t h e  squared  magnitude c h a r a c t e r i s t i c  
does n o t  exceed 15 pe rcen t  of t h e  maximum va lue .  
2 .  
So lu t ion :  F i r s t ,  i t  i s  necessa ry  t o  c a l c u l a t e  t h e  r equ i r ed  va lue  of 
The magnitude response  i s  down a t  least  50 dB a t  w = 4w = 4 .  
C 
2 
E . A t  t h e  t rough of t h e  r i p p l e ,  w e  have 
2 20 o r  1 + ~  = -  1 7  = 1 - 0.15 = 0.85 
1 
1 + E 2Cn(l)  
hence 
= 0.175 
A t  w = 4,  w e  have 
2 2  5 
1 + E Cn(4) = 10 -5 = 10 1 
1 + E2Cn(4) 
o r  
i m p l i e s  ~ " ( 4 )  = 753 2 2  5 E Cn(4) = 10 
I n  order  t o  f i n d  n w e  have 
'[(. + (w = 753 
w=4 2 
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(w +n-- l )n)w=4 =: 1506 o r  n = 3.58 
There fo re ,  n = 4 w i l l  be more than s a t i s f a c t o r y .  
The l o c a t i o n  of t h e  p o l e s  f o r  t h e  f o u r t h  o r d e r  Chebyshev polynominal 
can be  found as fol lows:  
Sk = o +jw k = 1, 2 ,  3, 4 k k '  Po le  l o c a t i o n s  a t  
0 = * t anh  a s i n  [(2k - l ) / n ]  ( ~ r / 2 )  k 
where 
1 -1 1 a = - s i n h  - 2 E 
2 For t h e  p r e s e n t  case, n = 4 ,  E = 0.176 
1 -1 1 1 -1 a = - s i n h  -- 4 0.42 'T; s i n h  (2.38) = 0.402 
tanh a = 0.38 
Theref o r e  
s = -0.144 + j0.924 1 
s2 = -0,144 - j0.924 
= -0,351 + j0.383 s3 
= -0.351 - j0.383 s4 
Hence t h e  t r a n s f e r  f u n c t i o n  G ( s )  can be  obta ined  
e l 
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Y (SI s2 s3 s4 G(s) = -= 
x(s) ( s  - s p s  - S 2 H S  - S 3 H S  - s4> 
- 2  
(s + 0.288s + 0 .416) ( s2  + 0.702s + 0.268) 
- 0.111 
- 4  2 
( s  + 0 . 9 9 ~ ~  + 0.886s + 0.369s + 0.111) 
Method 1 Transforming G ( s )  back t o  t h e  t i m e  domain 
’y(t) + 0 .99y( t )  + 0.886y( t )  + 0.369jr(t)  + O . i l l y ( t )  = 0.111 x ( t )  
o r  
dY’= O . l l l d x  - 0.99d’Y - 0.886dy - 0.369dy - O . l l l d y  
The network r e a l i z e d  cor responding  t o  t h e  above e q u a t i o n  i s  shown 
i n  F ig .  25. 
Method 2 
0.414s + 0.268 + 0.414s + 0.439 
G(s) = - 
s2 + 0.288s + 0.416 s2 + 0.702s + 0.268 
where 
u p  
G1(s) = x(s)  = -  
0.414s + 0.268 
s2 + 0.288s + 0.416 
Y,(S) 
= -  0.414s + 0.439 
G2(s) = s2 + 0.702s + 0.268 x ( s )  
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-0.111 
J 
T i d !  - 0 . 8 8 6 0  
I 1 
Fig. 25 REALIZATION OF 
4 2 + 0 . 9 9 ~ ~  + 0.886s G ( s )  = O.lll /(s + 0.369s + 0.111) 
BY METHOD 1 
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Transforming G1(s) and G2(s)  back t o  t h e  t i m e  domain, we have 
y,( t )  + 0.288jrl(t)  + 0.416yl( t )  = 0.414k( t )  + 0.268x( t )  
and 
y 2 ( t )  + 0.702jr2(t)  + 0.268y2( t )  = 0.414k( t )  + 0 .439x( t )  
o r  
d?,= 0.414dx - 0.288dyl + 0.268xdt - 0.416yldt 
and 
djr2 = 0.414dx - 0.702dy2 + 0.439xdt - 0.268y2dt 
and t h e  o v e r a l l  o u t p u t  y ( t )  i s  
The network r e a l i z e d  by Method 2 i s  shown i n  F ig .  26. 
3. D i g i t a l  Spectrum Analyzer  
The spec t rum a n a l y z e r  i s  a dev ice  used t o  measure t h e  d i s t r i b u t i o n  
of  energy a t  d i f f e r e n t  f r e q u e n c i e s  of i n t e r e s t .  One way of measuring 
t h e  frequency spectrum i s  t o  measure t h e  energy i n  t h e  passbands of a 
bank of  narrowband f i l t e r s .  The d i g i t a l  spectrum a n a l y z e r  w e  are  d e a l i n g  
w i t h  i s  r e a l i z e d  by a bank of  narrowband d i g i t a l  f i l t e r s ,  each wi th  a 
f i x e d  bandwidth spanning t h e  e n t i r e  f requency  range of i n t e r e s t .  
An example of des ign ing  a bank of bandpass f i l t e rs  i s  shown i n  t h e  
fol lowing:  
Example 8: It i s  d e s i r e d  t o  des ign  a bank o f  bandpass f i l t e r s  w i th  
a common i n p u t ,  each 400 c y c l e s  p e r  second wide cove r ing  t h e  band 300 H z  
t o  3100 Hz. The cont iguous  f i l t e r s  are r e q u i r e d  t o  c r o s s  a t  -3  dB of t h e  
midband ga in .  U s e  t h i r d  o r d e r  maximally f l a t  approximation.  
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Fig .  26 REALIZATION OF 
G(s) = 0.111/(s4 + 0.99s 3 + 0 . 8 8 6 ~ ~  + 0.369s + 0.111) 
U S I N G  METHOD 2 
S o l u t i o n :  The t r a n s f e r  f u n c t i o n  of each bandpass f i l t e r  can be found 
For a t h i r d  o r d e r  from t h e  frequency t r ans fo rma t ion  o f  a low pass  f i l t e r .  
maximally f l a t  low pass  f i l t e r ,  t h e  t r a n s f e r  f u n c t i o n  i s  
1 
2 G L ( s )  = 
s3  + 2s + 2 s  + 1 
L e t  us  make t h e  fo l lowing  t ranformat ion:  
W W 
s = $  (k+f)  (4.11) 
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then  
(4.12) B3p3 GB(s) = 5 2 2 4  3 2 3  4 2 2 2  4 6 p6+2Bp +(3w +2B ) p  + ( B  +4Bw ) p  +(3wo+2B w o ) P  +2BWoP+Wo 
0 0 
where 
B = bandwidth of t h e  bandpass f i l t e r  
w = geomet r i ca l  mean of t h e  c u t o f f  f r equenc ie s  of t h e  bandpass 
0 
f i l t e r  = 4- 
w1 = lower c u t o f f  f requency of t h e  bandpass f i l t e r  
w2 = h i g h e r  c u t o f f  frequency of t h e  bandpass f i l t e r  
p = complex frequency 
With t h e  g iven  t ransformat ion  formula,  t h e  f i r s t  bandpass f i l t e r ,  
from 300 Hz t o  700 Hz, can be designed f i r s t :  
w = r- Hz = 458.258 Hz 
0 
B = 400 Hz 
Normalizing B = 1, and w = 458.258/400 = 1.1456, t h e  t r a n s f e r  n 01  
f u n c t i o n  of t h e  f i r s t  bandpass f i l t e r  i s  
3 
(4.13) GI(P) = 6 5 3 2 
p + 2p + 5 . 9 3 7 ~ ~  + 6 . 2 5 ~  + 7 . 7 9 ~  + 3 . 4 4 6 ~  + 3.26 
This  t r a n s f e r  func t ion  can be r e a l i z e d  by Method 1 of s e c t i o n  I V . 2  
w i t h o u t  much d i f f i c u l t y .  
f a s h i o n .  
can be f a c t o r i z e d  as 
c u l t  t o  f a c t o r  i t  as t h e  o r d e r  of t h e  polynomials i n c r e a s e s .  From ano the r  
p o i n t  of view, s i n c e  w e  know t h e  po le  l o c a t i o n s  of t h e  t r a n s f e r  f u n c t i o n ,  
w e  might f a c t o r i z e  t h e  denominator d i r e c t l y  from t h e  t r a n s f e r  func t ion  of 
t h e  lowpass f i l t e r :  
But w e  w i l l  t r y  t o  r e a l i z e  i t  i n  p a r a l l e l  
There i s  no doubt t h a t  t h e o r e t i c a l l y  t h e  denominator of G,(p)  
2 2 2 
(p +ap+b)(p +cp+d)(p +ep+f).  But i t  i s  very d i f f i -  
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4 
- 1 5 --- 1 
+ s2 + s + 1 GL(S) = 2 s 3  + 2s  + 2s + 1 
1 S ---  
s + 1 ( s  + 0 .5  + j 0 . 8 6 6 ) ( s  + 0 .5  - j0 .866)  
Now, w e  can make the transformation 
2 
s = o  W (e,;) W 
= +  ( p + $ )  WB 
then 
3 2 
P + W 0 P  
'I - 
Bp 
p +p+wt [p2+ (0.5+ j 0.866) + (0.5- j 0.866) Bp+wo 
GB(p) = 
( 4 . 1 4 )  
3 GB(P) = 2 2 ( ") 2 
1 - p + -  B - 1 
i (p + >)+ 1 [i(p + >) + 0.5 + jO.864 [i(p + >)+ 0.5 - j 0 .866  
The poles  of the second term can b e  found as fo l lows :  
2 
p2 + (0.5 + jO.866)Bp + wo = 0 
P = ?  [-(0.5 + j0.866)B 2 J(0.5 + j0.866)2B2 - 4w2] 0 
1 1 
= - 2 C-(0.5 + j0.866)B 2 (A + j&)]= 2[(-0.5B 2 6) - j ( 0 . 8 6 6  B 7 &)] 
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where 
-d - \- = 
uv = 
u + v =  
2 
3B /16 and 
+ J ( u  - Vf + 4uv 
= (-0.25B + 0 . 5 6 )  - j ( 0 . 4 3 3  - 0 . 5 6 )  P 1  
= (-0.25B - 0.5&) - j ( 0 . 4 3 3  + 0.5&) 
p2 
The o t h e r  t w o  po le s  can be found by s o l v i n g  
2 2 
p + (0 .5  - jO.866)Bp + wo = 0 
o r  
= (-0.25B + 0.5  6) + j (0 .433  - 0 .5Jv>  
p3  
(4.15) 
(4 .16)  
= (-0.25B - 0 . 5 6 )  + j (0 .433  + 0 . 5 6 )  p4 
Then G (p) can be wri t ten i n  p a r t i a l  f r a c t i o n  form as B 
where a a bl and b are r e a l  c o n s t a n t s .  They can be found i n  terms 
of B and w from E q .  (4 .14) .  For our  p r e s e n t  des ign  problem, B = 1, 
1’ 2’ 2 
0 
w = 1.1456, and u = 0,0448, v = 4.2948. S u b s t i t u t i n g  t h e s e  va lues  01 - i n t o  (4.15) and (4.16) w e  g e t  ‘1”3 = -0.144 t j0 .603;  P29P4 - 
-0.356 7 j1 .469.  S u b s t i t u t i n g  them i n t o  E q .  (4 .17 ) ,  w e  o b t a i n  
0 . 5 4 5 ~  + 0.105 - 0 . 4 5 5 ~  - 0.624 
G1(P) = - - 2 2 
p + p + 1.312 p + 0 . 2 8 8 ~  + 0.384 p + 0 . 7 1 2 ~  + 2.284 
(4.18) 
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There i s  no doubt t h a t  t h e  t r a n s f e r  f u n c t i o n  G (p )  of t h e  bandpass f i l -  
ter  can be  r e a l i z e d  by p a r a l l e l  connec t ion  of t h r e e  b u i l d i n g  b l o c k s ,  each 
b lock  con ta in ing  d i g i t a l  i n t e g r a t o r s  such as t h o s e  d i scussed  i n  t h e  pre-  
v i o u s  s e c t i o n .  
l 
S i m i l a r l y ,  t h e  nex t  bandpass f i l t e r  o f  f requency range 700 t o  1100 Hz 
can be designed wi th  w2 = (700 x 1100)/(400 x 400) = 4.813; B = 1, 
u = 0 ,  and v = 18.25; t h e r e f o r e ,  
02 n 
p1,p3 = -0.25 f j1 .704 
= -0.25 7 j 2.57 '2 "4 
and 
0 . 5 0 2 ~  - 0.851 - - p -
p2 + p + 4.813 
0 . 4 9 8 ~  + 0.351 
p2 + 0 . 5 ~  + 2.96 
G2(p) - 
p2 + 0 . 5 ~  + 7.18 
(4.19)  
The r e a l i z a t i o n  of G2(p) i s  s imi l a r  t o  G1(p). The r e a l i z e d  networks 
of  G (p) a r e  shown i n  F igs .  27 and 28. By u s i n g  t h e  same methods, 
G2(p) ,  G3(p), G4(p),  ..., G (p)  can be  des igned  by s imply changing 
t h e  con ten t s  o f  t h e  c o n s t a n t  r e g i s t e r s ,  as i n  F ig .  29. 
t h r e e  c h i p s  of t h e  proposed c o n f i g u r a t i o n s  are used.  
d i g i t a l  f i l t e r s ,  as i n  t h e  p r e s e n t  example, twenty-one c h i p s  w i l l  b e  
used and no doubt they  can be mounted on a s m a l l  c a rd .  
1 
7 
For each Gi(p),  
For a bank of 
I t  i s  seen from E q .  (4.17) t h a t  if w e  f a c t o r i z e  t h e  s i x t h  o r d e r  poly- 
nominal w i th  a s m a l l  e r r o r  produced a t  one p o l e  l o c a t i o n ,  t h e  remaining 
f i v e  p o l e  l o c a t i o n s  w i l l  b e  a f f e c t e d .  I n  o t h e r  words,  a s m a l l  c o e f f i c i e n t  
p e r t u r b a t i o n  ( o r  t r u n c a t i o n )  may r e s u l t  i n  a l a r g e  s h i f t  i n  r o o t  l o c a t i o n .  
On t h e  o t h e r  hand, t h e  p a r a l l e l  two-pole f i l t e r  combinat ion w i l l  r e s u l t  i n  
a b e t t e r  performance, s i n c e  t h e  c o e f f i c i e n t  p e r t u r b a t i o n  of  t h e  f i rs t  t e r m  
w i l l  n o t  change t h e  p o l e  p o s i t i o n  i n  t h e  second and /o r  t h e  t h i r d  terms. 
The re fo re ,  i t  i s  a d v i s a b l e  t o  use  t h e  p a r a l l e l  combinat ion i n  t h e  des ign .  
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0.545~ + 0.105 
p- + 0.288~ + 0.384 G1b(P) = 3 
or 
d91b = 0.105xdt - 0.384ylbdt + 0.545dx - 0.288dylb 
Glb(p) can be realized as shown 
or 
Glc (PI 
= 0.455dx - d$l c 
- 0.455~ - 0.624 
- 2  
p + 0.712~ + 2.284 
0.712dylc - 0.624xdt - 2.284ylcdt 
I 
xdt  n o . 6 2 4  I 
I 
dx_ I 
I 
 
Fig .  28 REALIZATION OF Glb(p) and Glc(P) 
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c 
DIGITAL P 
~ GIJP)' x ( t 'o  AwLoG[ INPUT ADC 1 IN$m $+p+1.312 
I 1 l I  
0.545 p+O.I 05 
where 
or 
Gla(p) = P 
p2 + p + 1.312 
= dx - dYla - 1.312~ l a  d t  
can be r ea l i zed  as 
Fig. 27 REALIZATION OF Gla(p) 
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I I  I 
i 
Fig.  29 REALIZATION OF A BANK OF D I G I T A L  FILTERS 
4 .  D i g i t a l  F i l t e r s  w i t h  T i m e  Varying C o e f f i c i e n t s  
It i s  p o s s i b l e  t o  des ign  a d i g i t a l  f i l t e r  w i t h  t i m e  vary ing  c o e f f i -  
c i e n t s .  S ince  t h e  t r a n s f e r  func t ion  of  t h i s  k ind  of  f i l t e r  i s  n o t  def ined  
as are those  i n  s e c t i o n  I V . 1 ,  a t i m e  domain s y n t h e s i s  w i l l  be  d i scussed .  
The fo l lowing  example w i l l  i l l u s t r a t e  t h e  r e a l i z a b i l i t y  of t h i s  k ind  of 
f i l t e r .  
Example 9: Suppose x ( t )  and y ( t )  are t h e  i n p u t  and output  of a 
d i g i t a l  f i l t e r  i n  such a way t h a t  the  fo l lowing  r e l a t i o n  i s  s a t i s f i e d :  
Design such a network. 
So lu t ion :  It is  seen  t h a t  i f  a ( t ) ,  b ( t ) ,  and c ( t )  are c o n s t a n t s ,  
t h e  problem can b e  reduced t o  one of t h e  t y p i c a l  d i g i t a l  f i l t e r  des ign  
problems. Now, w i t h  t i m e  vary ing  c o e f f i c i e n t s ,  i t  is  necessa ry  f i r s t  t o  
d i f f e r e n t i a t e  t h e  equa t ion ,  
dji' = d(cx  - Cy) - d ( a y )  - d(b f )  
53 SEL-6 7-085 
t hen  u s e  d i g i t a l  i n t e g r a t o r s  t o  g e n e r a t e  t h e  terms d ( a y ) ,  d ( b y ) ,  d ( c y ) ,  
and d (cx ) .  Note t h a t  
d(ay)  = ady + yda 
which can be genera ted  by i n t e g r a t o r s ,  as shown i n  F ig .  30, where dy i s  
an o u t p u t  of a n  i n t e g r a t o r  and da i s  t h e  d i f f e r e n t i a l  of t h e  i n p u t  a ( t ) ,  
hence i t  i s  c o n t r o l l a b l e  from t h e  o u t s i d e .  By us ing  more i n t e g r a t o r s ,  
t h e  given problem can be des igned  as i n  F ig .  31. 
The au thor  h a s  n o t  y e t  i n v e s t i g a t e d  t h e  advantages o r  any a p p l i c a -  
t i o n  of d i g i t a l  f i l t e r s  w i t h  non-constant  c o e f f i c i e n t s ,  b u t  an i n t e r e s t i n g  
case  of  t h i s  p a r t i c u l a r  type  of  f i l t e r  w i l l  be  d i scussed .  
A s  we know, t h e  l o c a t i o n  of  t h e  p o l e s  of  t h e  Chebyshev f i l t e r s  d i f f e r  
on ly  s l i g h t l y  from those  of t h e  But te rwor th  f i l t e r s  [SI .  The re fo re ,  i f  
t h e  t i m e  vary ing  c o e f f i c i e n t s  are changing i n  such a way t h a t  t h e  p o l e s  
are s h i f t i n g  h o r i z o n t a l l y  ( i n  t h e  s -p lane)  from t h e  But te rwor th  p o l e  l o c u s  
t o  t h e  Chebyshev p o l e  l o c u s ,  t h e  d i g i t a l  f i l t e r  w i l l  have a changing mag- 
n i t u d e  square  c h a r a c t e r i s t i c  from t h e  maximum f l a t  response  t o  d i f f e r e n t  
e q u a l  r i p p l e  responses .  
I 1 
- do 
I T rr-=E’/ 0 REGISTER 
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Fig .  30 GENERATION OF d ( i 9 )  
54 
. 
rcr3 x REGISTER 
Fig. 31 REALIZATION OF DIGITAL FILTER WITH TIME VARYING COEFFICIENTS 
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PRECEDING FAGE BLARK NOT FiLMED. 
. 
Chapter V 
D R I V I N G  POINT IMMITTAYCE FLWCTION REALIZATION 
BY U S I N G  DIGITAL INTEGRATORS 
1. Driv ing  P o i n t  Impedance Function R e a l i z a t i o n  
The d r i v i n g  p o i n t  impedance func t ion  Z (s)  of  a network i s  de f ined  1 
are ,  respec-  i n  and I 'in as t h e  r a t i o  of Vin(s) t o  I i n ( s ) )  where 
t i v e l y ,  t h e  i n p u t  v o l t a g e  and inpu t  c u r r e n t  i n  Laplance t r ans fo rm form; 
namely, zl(s> = Vin(s>/ I in(s> .  
c u r r e n t  t r a n s f e r  f u n c t i o n  G (s) def ined  as 
Consider a one-port network as shown i n  F ig .  32 w i t h  an i n t e r n a l  
I 
where I (s) and I (s) are t h e  i n p u t  and ou tpu t  c u r r e n t s ,  r e s p e c t i v e l y ,  
o f  t h e  network f u n c t i o n  GI(s) .  
Thus 
1 2 
S o l v i n g  f o r  G I ( s I Y  w e  g e t  
i f  w e  make 
R I (s )  = Vin(s) 1 1  
(5.2) 
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t hen  
(5.5) 
where R1 i s  a c o n s t a n t  ( r e s i s t a n c e ) .  
From the  l a s t  two s e c t i o n s ,  w e  know t h a t  once t h e  t r a n s f e r  f u n c t i o n  
of  t h e  network i s  s p e c i f i e d ,  i t  can be  r e a l i z e d  by i n t e r c o n n e c t i n g  t h e  
d i g i t a l  i n t e g r a t o r s .  The re fo re ,  once w e  s p e c i f i e d  t h e  d e s i r e d  d r i v i n g  
p o i n t  f u n c t i o n ,  Z,(s) ,  t hen  G (s) can be  found. I n  t h i s  way t h e  1- 
p o r t  network w i t h  t h e  d e s i r e d  
I 
Z,(s) can b e  c o n s t r u c t e d ,  as i n  F ig .  3 2 .  
I - PORT NETWORK 
1 -- ----- r 
Fig. 32 FEEDBACK CONNECTION USED TO REALIZE THE D R I V I N G  
POINT IMPEDANCE FUNCTION 
Example 10: R e a l i z e  t h e  fo l lowing  d r i v i n g  p o i n t  impedance f u n c t i o n  
by u s i n g  the  p r e s c r i b e d  t echn ique  
Solu t ion :  F i r s t ,  t h e  t r a n s f e r  f u n c t i o n  GI(s) h a s  t o  b e  found. 
Using Eq. (5.5), we have 
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2 s (1 - 2 R i )  + ~ ( l  - R1) + (2 - R1) 
G I ( s )  = 1 -  R1 - 
z1 (SI s 2 + s + 2  
L e t  Y ( s )  = R I ( s )  [note ,  h e r e  Y ( s )  i s  n o t  t h e  admi t tance  func t ion]  
and X ( s )  = V.  ( s )  then  we have 
1 2  
i n  
2 2 
(S + s + 2 )  Y ( s )  = [S (1 - 2R1) + ~ ( l  - R1) + (2 - R1)] X ( S )  
o r  
Transforming t h e  above expres s ion  back t o  t i m e  domain, we  have 
or 
2 dy = (1 - 2R1) dx + [(l - R1) x - y l  d t  +[ [ (2  - R1) x - 2y] d t  
The network r e a l i z e d  f o r  G (s )  i s  shown i n  Fig.  33. By a connec- I 
t i o n  similar t o  F ig .  32 t h e  network r e a l i z a t i o n  f o r  Z ( s )  i s  as shown 
i n  F ig .  34. The i n p u t  c u r r e n t  t o  ADC ( ana log - to -d ig i t a l  conve r t e r )  has  
been assumed t o  be zero .  
1 
The e q u i v a l e n t  analog networks r e a l i z e d  by both  Brune 's  method and 
B o t t  and Duf f in ' s  method are shown i n  F i g s .  35 and 36 [ S I .  
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. 
Note t h a t  t h e  method j u s t  desc r ibed  needs a c o n t r o l l a b l e  c u r r e n t  
sou rce  a t  the o u t p u t ;  t h i s  i s  n o t  ea sy  t o  g e t .  An a l t e r n a t i v e  wav of  
r e a l i z i n g  the d r i v i n g  p o i n t  impedance f u n c t i o n  w i l l  be  shown i n  t h e  f o l -  
lowing : 
( I-2RI)( 
Fig .  3 3  REALIZATION OF G ( s )  = (1-2R1) + s ( l - R 1 )  + (2-R1) / ( s  +s+2) l 2  
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2 2 Fig .  34 REALIZATION OF Z,(s) = (s +s+2)/(2s +s+l) 
- I  2 
2 
== 1/2 =E 1/2 
A 0 - 0 - 
2 2 
Fig .  35 BRUNE NETWORK REALIZATION OF Z1(s) = ( s  +s+2)/(2s +s+l) 
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2 2 F ig .  36 BOTT AND DUFFIN'S REALIZATION OF Z1(s) = ( s  +s+2)/(2s +s+l) 
Changing the  c o n f i g u r a t i o n  of  F ig .  32 t o  F ig .  37 ,  l e t  u s  d e f i n e  t h e  vol- 
t a g e  t r a n s f e r  f u n c t i o n  as 
and assume t h a t  t h e  o u t p u t  v o l t a g e  h a s  a ve ry  small ou tpu t  impedance such 
t h a t  
From E q .  (5.5) 
(5 .5)  
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t hen  
Solv ing  f o r  G (s) ,  w e  o b t a i n  
Y 
(5.8) 
With Z (s) s p e c i f i e d ,  G V (s) can b e  found, and Z1(s) can be r e a l i z e d  
wi thou t  d i f f i c u l t y  by in t e rconnec t ing  t h e  d i g i t a l  i n t e g r a t o r s .  
1 
Fig.  37 EQUIVALENT OF FIG. 32 
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With the method desc r ibed ,  t h e  network of Example 1 0  can a l s o  be 
r e a l i z e d  as fo l lows  : 
R2(2s 2 + s + 1 )  
R2 G ( s )  = - +  1 - 
V R1 s 2 + s + 2  
v2(s)  Y ( s )  R2 
Vin(S) x ( s >  R1 s 2 + s + 2  
R 2 s  + R 
2 -   = -  = 1 + - - 2R2 + 
where 
y 2 ( t )  = t h e  s o l u t i o n  of 
The r e a l i z e d  network i s  shown i n  F ig .  38. 
2 .  Driving P o i n t  Admittance Funct ion  R e a l i z a t i o n  
The d r i v i n g  p o i n t  admi t tance  f u n c t i o n  Y (s) of a network i s  de- 
f i n e d  as the  r a t i o  of I in ( s )  t o  Vin(s), where I in(s>  and Vin(s) 
are, r e s p e c t i v e l y ,  t h e  i n p u t  c u r r e n t  and i n p u t  v o l t a g e  i n  Laplace t r a n s -  
form form; namely, 
l 
(5.10) 
I n  c o n t r a s t  t o  t h e  l a s t  s e c t i o n ,  c o n s i d e r  a 1-por t  network,  now us ing  t h e  
v o l t a g e  feedback r a t h e r  t han  t h e  c u r r e n t  feedback ,  s i n c e  w e  are assuming 
t h e  i n p u t  as a c u r r e n t  c o n t r o l l e d  sou rce .  
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Fig .  38 ALTERNATE REALIZATION OF Z ( s )  
R e f e r r i n g  t o  F ig .  38, l e t  us d e f i n e  an  i n t e r n a l  v o l t a g e  t r a n s f e r  
f u n c t i o n  H ( s ) ,  such  t h a t  
L 
H ( s )  = - v1 (SI 
S i n c e  v,(s) = Vin(s) + V,(S>, hence 
(5.11) 
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o r  
(5 .12)  
I f  a f i x e d  r e s i s t o r ,  R; has  been connected a c r o s s  t e r m i n a l s  1-2', 
t hen  
hence,  
(5 .13)  
(5 .14)  
T h i s  i s  similar t o  Eq. (5 .5 ) .  From t h e  method used i n  t h e  l a s t  sec- 
by us ing  d i g i t a l  t i o n ,  we can e a s i l y  r e a l i z e  t h e  t r a n s f e r  f u n c t i o n  
i n t e g r a t o r s .  With H ( s )  r e a l i z e d ,  t h e  d e s i r e d  d r i v i n g  p o i n t  admi t tance  
Y1(s) can b e  ob ta ined  by connec t ing  H ( s ) ,  as shown i n  F ig .  39. 
H ( s )  
I-PORT NETWORK 
I ------- 1 
Fig .  39 FEEDBACK CONNECTION USED TO REALIZE 
DRIVING POINT ADMITTANCE FUNCTION 
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P ,,ample .- 11: R e a l i z e  t h e  f e l l w i n g  d r i v i n g  p i n t  admi t tance  f u n c t i m  
S o l u t i o n :  F i r s t ,  f i n d  the t r a n s f e r  f u n c t i o n ,  H ( s ) ,  cor responding  
t o  t h e  g iven  Y,(s) : 
2 
(R; - 2 ) s  + (Ri - 1 ) s  + (2Ri - 1) 
- 1 
R; Y,(s) 2 
H(s )  = 1 - 
R i ( s  + s + 2) 
L e t  V2(s) = Y ( s )  and V,(s> = X ( s > ,  t hen  
2 c 2 R;(s + s + 2) Y ( s )  = (R; - 2)s + (R; - 1 ) s  + (2Ri - l)] X ( s >  
o r  
Transforming back t o  t h e  t i m e  domain, w e  have 
or 
dy = dx + [(l - +) x - y] d t  +/ [(z - *) x - 2y] d t 2  
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The r e a l i z e d  network of H ( s )  and Y ( s )  are  given i n  F i g .  40 and 1 
Fig.  41 ,  r e s p e c t i v e l y .  
2 2 
F ig .  40 REALIZATION OF H ( s )  = + ( R i - l ) s  + (2R;-1)] /F;(s  +s+2)] 
2 2 
Fig. 4 1  REALIZATION OF Y1(s )  = (s +~+2)/(2~ +s+l) 
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* An i n t e r e s t i n g  r e s u l t  can b e  drawn from t h e  previous  two examples 
R1 
(Ex. 10 and Ex. 11). It i s  seen  t h a t  i f  w e  normalized t h e  va lues  of 
and R i  o r  make R = R'  = 1 ohm, then  G ( s )  i s  e x a c t l y  t h e  same as 
H ( s ) .  The re fo re ,  t h e  same func t ion  can be r e a l i z e d  as e i t h e r  an a d m i t -  
t a n c e  o r  an  impedance f u n c t i o n ,  depending on how t h e  i n t e g r a t o r s  a r e  
hooked up. 
1 1  
The fo l lowing  two examples show t h e  r e a l i z a t i o n  of a s i n g l e  i n d u c t o r  
and s i n g l e  c a p a c i t o r  by us ing  d i g i t a l  b u i l d i n g  b locks .  
1 
Example 1 2 :  Rea l i ze  Z (s) = SL by us ing  t h e  above techniques .  
So lu t ion :  By us ing  Eq. (5.5) 
L e t  
t hen  
Y ( s )  =(l - 2)X ( S )  
I n  t h e  t i m e  domain, we  have 
y ( t )  = x ( t )  - - R I J x ( t )  d t  L 
o r  
x d t  R1 dy = dx - - L 
The network of G ( s )  can be r e a l i z e d  as i n  F i g .  4 2 ,  and t h e  s i n g l e  
i n d u c t o r  of v a l u e  L can be  r e a l i z e d  as i n  F ig .  4 3 .  
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R,x/L  REGISTER^ y ( t )  
INPUT A 
x REGISTER 
F i g .  42 REALIZATION OF G(s) = (sL - R1)/sL 
$,(SI 
1 
Fn R,xdt/L 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
Fig .  43 REALIZATION OF A SINGLE INDUCTOR, Z,(s) = SL 
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Note t h a t  i f  x ( t )  i s  a s i n u s o i d a l  f u n c t i o n  whose t i m e  i n t e g r a l  
s t a y s  I i n i t e  a l l  t h e  t i m e ,  then the  oii tput y ( t )  
w i l l  remain f i n i t e .  Otherwise,  the i n t e g r a l  grows i n c r e a s i n g l y  l a r g e r  
and e v e n t u a l l y  i t  w i l l  cause overflow i n  t h e  r e g i s t e r ,  which i n  
t u r n  w i l l  n o t  perform t h e  c o r r e c t  ope ra t ion .  
t h e  c u r r e n t  y ( t ) / R  f lowing through t h e  i n d u c t o r  w i l l  i n c r e a s e  inde- 
f i n i t e l y  a f t e r  a s t e p  v o l t a g e  x ( t >  = c o n s t a n t  is  app l i ed .  
y ( t )  
From ano the r  p o i n t  of view, 
1' 
Example 13: R e a l i z e  a s i n g l e  c a p a c i t o r  Y,(s> = sC. 
Solu t ion :  By us ing  Eq. (5.14) 
i n  t h e  t i m e  domain w e  have 
x ( t )  d t  o r  dy = dx - - 
(R:C) dt 
y ( t >  = x ( t >  - 
The network of  H ( s )  can be  r e a l i z e d  as shown i n  F ig .  4 4 .  With 
H ( s )  r e a l i z e d ,  t h e  s i n g l e  c a p a c i t o r  C can be  e a s i l y  ob ta ined  a s  shown 
i n  F ig .  4 5 .  
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F i g .  44 REALIZATION OF H ( s )  = ( s R i - l ) / s R ; C  = Y ( s ) / X ( s >  
Y, ($1 = sc 
REGISTER I 
I :'1 I I 
I 
I 
I 
I 
I 
I 
J 
F i g .  45 REALIZATION OF A SINGLE CAPACITOR 
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u 
From Example 1 2  w e  know t h a t  w i t h  t h e  l e n g t h  of t h e  r e g i s t e r s  suf -  
f i c i e n t l y  long ,  w e  could t h e o r e t i c a l l y  c o n s t r u c t  an  a lmost  i d e a l  i n d u c t o r .  
In o t h e r  words,  a c i r c u i t  w i t h  a ve ry  high-Q can b e  ob ta ined .  From t h e  
r e a l i z a t i o n  techniques  p r e s e n t e d  i n  t h i s  paper  i t  i s  obvious t h a t  any 
d r i v i n g  p o i n t  immit tance f u n c t i o n  w i t h  n e g a t i v e  v a l u e s  o r  w i t h  p o l e s  i n  
t h e  r i g h t  h a l f  of t h e  complex frequency p l a n e  can be  r e a l i z e d  wi thou t  
e x t r a  e f f o r t .  
Example 14:  R e a l i z e  t h e  fo l lowing  immit tance f u n c t i o n s  
a. Z (s) = -s  ( n e g a t i v e  i n d u c t o r ,  L = -1) 
b .  Y (s)  = s-1 ( t u n n e l  d iode ,  C = 1, R = -1) 
1 
1 
Solu t ion:  
a. Using Eq .  (5.9) 
R 2 X ( s )  
S 
Transforming back  t o  t h e  t i m e  domain, w e  have 
o r  
dy = (1 + ?) dx + R2 x d t  
The network w i t h  t h e  t r a n s f e r  f u n c t i o n  G (s) can b e  r e a l i z e d  e a s i l y ,  as 
shown i n  Fig.  46. With Gv(s) r e a l i z e d ,  t h e  n e g a t i v e  i n d u c t o r  can be 
r e a l i z e d ,  as shown i n  F ig .  4 7 .  
V 
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y ( t 1  OUTPUT . 
dx 
INPUT 
Fig .  46 REALIZATION OF Gv(s) = (1 + R2/R1) + R 2 / s  
Z,(s)=-s I I 
F i g .  47 REALIZATION OF Z1(s) = - s  
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b.  Using Eq. (5.14) 
then 
I n  t h e  t i m e  domain, w e  have 
o r  
dy = 
The network w i t h  H ( s  = l-l/[q(s-l)] can  b e  r e a l i z e d ,  as can t 
t u n n e l  d iode  ( s e e  F i g s .  48 and 49) .  
ie 
F ig .  4 8  NETWORK OF H ( s )  = l-l/[Ri(s-l)] 
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I 1 
Fig. 49 NETWORK OF Y 1 ( s )  = s-1 
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Appendix A 
I 
I n  t h e  frequency domain approximation, t h e  p r i n c i p a l  problem i s  t o  
f i n d  a r a t i o n a l  f u n c t i o n  G(s) whose magnitude IG(jw) I approximates 
t h e  i d e a l  low-pass c h a r a c t e r i s t i c ,  as i n  F ig .  A-1,  accord ing  t o  a pre- 
determined e r r o r  c r i t e r i o n .  Two approximations are d i scussed .  
r°FF 
4PASS BANDc-STOP BAND- 
0 
1. The Maximally F l a t  Low-Pass F i l t e r  Approximation 
is  known as t h e  nth-order Butterworth o r  maximally f l a t  low-pass response , 
and is  an approximation I f t h e  i d e a l  response  of F ig .  A-1.  
Fig .  A-1 IDEAL LOW-PASS FILTER CHARACTERISTIC 
The p o l e s  of t h i s  func t ion  a r e  d e f i n e d  by t h e  equa t ion  
2 n  l + ( - s )  = o  
Then t h e  p o l e  l o c a t i o n s  a r e  
2k-  IT s k = exp ( j  y) n even 
7 7  SEL-67-085 
'k = exp (j % ;) n odd 
o r  
sk = exp (j *k + - 1 I) k = 1, 2,  3 ,  ..., 2n . 2 
The poles  so de f ined  are l o c a t e d  on a u n i t  c i r c l e  i n  t h e  s -p lane  and 
are symmetr ical  w i t h  r e s p e c t  t o  bo th  t h e  r ea l  and imaginary a x e s .  
t h e  func t ion  G(s) from t h e  g iven  IG(jw) I , w e  reject  t h e  r i g h t - h a l f  
p l a n e  p o l e s ,  and from t h e  l e f t - h a l f  p l a n e  p o l e s  form t h e  a l l - p o l e  f u n c t i o n ,  
To form 
2 
1 
n G(s) = 1 + a s + a2s2 + ... + a s 1 n 
The c o e f f i c i e n t s  of  t h e  denominator polynomials  of  G ( s ) ,  sometimes 
c a l l e d  But te rwor th  polynomials  are t a b u l a t e d  i n  Table  A-1. 
Table  A-1 
COEFFICIENTS OF THE DENOMINATOR POLYNOMIALS OF G(s) 
5 a 3 a4 a 2 a 1 n a 6 
a 
1 1.0000 
2 1.4142 1.0000 
3 2.0000 2.0000 1.0000 
4 2.6131 3.4142 2.6131 1.0000 
5 3.2361 5.2361 5.2361 3.2361 1.0000 
6 3.8637 7.4641 9.1416 7.4641 3.8637 1.0000 
2. Chebyshev o r  Equal-Ripple Approximation 
The squared magnitude form 
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i s  an e q u a l - r i p p l e  approximation of  Fig. A-1,  where Cn(w> i s  t h e  
nth-order Chebyshev polynomial and E < 1 is  a real  c o n s t a n t .  Chebyshev 
polynomials are d e f i n e d  i n  terms of the  real  v a r i a b l e  z by t h e  equa t ion  
c (z )  = cos(n cos-’ z)  n 
F u r t h e r  d e f i n e  z = cos w,  t hen  
Cn(w) = cos nw 
and a r e c u r s i o n  formula can be  found as 
‘n+l ( z )  = 2ZCn(Z) - Cn-l(Z) 
w i t h  
CO(Z) = 1, C , ( Z )  = z.  
The p o l e s  of t h i s  e q u a l - r i p p l e  form of  response  can b e  found as 
k Sk = o + j w  k 
where 
2 k - 1 ~  - ok = l t s i n h  a s i n  n 2  
k = 1 , 2 , 3 , .  . . ,2n 2 k - l I r  -wk = cosh a cos n 2  
1 -1 1 a = - s i n h  - n E 
Again t h e  r i g h t - h a l f  p l a n e  p o l e s  a r e  r e j e c t e d  i n  s y n t h e s i s  procedures .  
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Appendix B 
SIMULATION OF SINUSOIDAL RESPONSE OF THE TRANSFER FUNCTION G(s) = l/(s+l) 
The program has been written in extended ALGOL. It has been run on 
B5500 machine at Stanford University. 
BEGIN 
REAL Z,YTRUE,X,XX,XXX,YAPPROX; 
INTEGER M,N,P,XREG, YlREG,DX,DY,DYY,YREG,RREG,T,DT,TFINAL: 
READ (M,N,TFINAL) ; 
P+2*N; 
YREG+YlREG+XREG+RREG+O; 
FOR T+l STEP 1 UNTIL TFINAL DO 
BEGIN 
Z+T/P; 
X+ ( P- 1 ) X S IN ( Z ) ; 
XX+X-XREG ; XXXcENTIER (ABS (XX) ) ; 
IF 
IF ABS (RREGjlM AND RREG>O THEN 
X X < O  THEN DXt-XXX ELSE DXtXXX; 
XREW XREWDX; 
BEGIN DY+l; RREGtRREG-M 
END ELSE IF ABS (RREG) - >M AND RREGCO THEN 
BEGIN DY+-1; RREWRREM 
END ELSE DY+O; 
DYY+DX-DY ; 
Y lREWY lREWDYY; 
RREGtRREWY lREG ; 
YREGCYREWDY; 
YTRUE+PxO. 5X (EXP (-Z>+SIN(Z)-COS ( Z )  ) ; 
WRITE (T,XREG,YlREG,RREG,YREG,YTRUE); 
END 
END 
DATA CARD 
256.0 8.0 1500 
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FRECEDING PAGE BLANK NOT FILMED. 
Appendix C 
UNIT STEP RESPONSE OF G(s) = l/(s+l) SIMULATION ON B5500 MACHINE 
BEGIN 
REAL M,N,P,Zl,Z2,WREG,YREG,DY,DYY,Xl,X2,DX,DELX,RREG,T,TFINAL; 
READ (M,N,TFINAL) ; 
P+2*N; YREGtYYREGtRREG+O; 
FOR Tcl STEP 1 UNTIL TFINAL DO 
BEGIN 
IF Tcl THEN 
BEGIN DX+(P-1) 
END ELSE DX+O; 
IF RREG>M THEN 
BEGIN DT+1; RREWRREG-M 
END ELSE DY+O; 
RREWRREWYYREG; YREG+YREG+DY; 
WRITE (T , YREG) 
END 
Zl+T/P; Xl+(P-1) ; 
DYY+DX - DY; YYREG+YYREG+DYY; 
END. 
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Appendix D 
The Analog to Digital Increment Converter (ADIC) is a device which 
converts the difference of two analog quantities to digital form. 
particular, if an analog signal is applied to the input of the ADIC, the 
difference or the increment of the analog quantities measured at two 
consecutive bit times are converted to digital form. One implementation 
is shown in Fig. D-1  where the operational amplifiers are employed to get 
In 
X ( t i )  DIGITAL 
INCREMENTS - 
ANALOG 
I NPUT 
AT t= t i  
Fig. D - 1 .  ONE IMPLEMENTATION OF ADIC 
the difference of the signals at two consecutive bit times. A difference 
amplifier can be used to replace the two operational amplifiers if it is 
available. The gain of the amplifiers does not have to be unity. When 
necessary, gain adjustments can be made to fit the ADC input levels. 
Similarly, another possible implementation is shown in Fig. D-2 
where the analog signal is converted to digital form first, then sub- 
tracted from the previous digital quantity by a digital adder-subtractor. 
The difference output is the digital increment. 
Among the two implementations, the first one, (Fig. D - l ) ,  is pre- 
The input level to ferred and a few advantages of it can be mentioned. 
the ADC is limited therefore fewer comparators are needed in the ADC and 
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F i g .  D-2. ANOTHER IMPLEMENTATION OF ADIC 
more accuracy  can be achieved .  The convers ion  t i m e  of t h i s  A D I C  i s  much 
less than  t h a t  of t h e  second implementat ion because on ly  increments  are 
t r a n s f e r r e d  r a t h e r  t han  t h e  f u l l  words.  Bes ides ,  t h e  d i f f e r e n c e  of t h e  
two analog  q u a n t i t i e s  can be ob ta ined  immediately from t h e  d i f f e r e n c e  
a m p l i f i e r  whereas  t h e  d i g i t a l  s u b t r a c t i o n  t a k e s  t i m e .  
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